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Abstract 
The traditional hard threshold function in wavelet threshold denoising has the 
disadvantage of discontinuity. The soft threshold function has the disadvantage of 
constant deviation from the processed wavelet coefficient and the original coefficient. A 
large number of scholars have studied and improved this. This paper proposes a new 
The wavelet threshold denoising function, which uses the hyperbolic and exponential 
functions, not only overcomes the discontinuity and constant deviation defects, but also 
high-order guidance, which facilitates further mathematical processing, by setting the 
adjustment coefficient to obtain better Processing effect. The simulation results and the 
comparison of mean square error (MSE), peak signal-to-noise ratio (PSNR) and signal-
to-noise ratio (SNR) show that the denoising function of this paper has achieved good 
results. 
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1. Introduction 

Images can be affected by varying degrees of noise for a variety of reasons, which in turn affects 
subsequent processing steps. Therefore, it is necessary to develop a corresponding denoising scheme. 
Among them, wavelet threshold denoising has matured [1-6], but traditional hard threshold and soft 
threshold functions have disadvantages. The hard threshold function will cause pseudo Gibbs effect 
due to discontinuity at the threshold. After soft threshold processing, There is a constant deviation 
between the wavelet coefficient and the real wavelet coefficient. So how to avoid their shortcomings 
and improve the denoising effect has become a hot spot. Many scholars have studied and improved 
them. Literature [7] proposed a threshold function containing a sine function, which was applied to 
face and texture image denoising, and achieved good results, but the function was not derivable and 
was not conducive to other mathematical processing in the later period. The algorithm in [8] processes 
the edge image obtained by wavelet edge detection, and fuses it with the smooth image produced by 
the improved threshold function model. The boundary is effectively retained while denoising. 
Reference [9] improved the non-negative dead zone threshold function and achieved good results, 
but the calculation was more complicated. In [10], the exponential function is applied to the threshold 
function, which can reduce the constant deviation between the estimated wavelet coefficients and the 
original wavelet coefficients to a certain extent, but it is simply set to zero between the positive and 
negative thresholds, and the non-noise signals are also removed. The threshold function in [11] 
contains two thresholds and divides the threshold function into three parts. The calculation is also 
relatively complicated. The threshold function in [12] can be adjusted between the soft threshold and 
hard threshold functions by adjusting two parameters, which is more flexible. Based on the 
advantages and disadvantages of the above denoising scheme, a new threshold function is proposed. 
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The threshold function combines the hyperbolic function and the exponential function, and sets 
adjustment factors to seek better denoising effects. 

2. The Basic Principle of Wavelet Threshold Denoising and the Selection of 
Threshold 

The wavelet threshold denoising principle can be roughly summarized as follows: After wavelet 
transforming the image, a series of wavelet coefficients will be obtained. Wavelet coefficients near 0 
are considered to contain noise and need to be eliminated. The inverse wavelet transform is performed 
on the eliminated wavelet coefficients to obtain a denoised image. The two most important points are 
the threshold function and the selection of the threshold. The threshold function determines the 
processing strategy for the wavelet coefficients. If the threshold is too large, part of the wavelet 
coefficients that should not be removed will be removed, and if it is too small, noise will remain. 

The mathematical model of the noisy image is as follows: 

 

𝑓(𝑗, 𝑙) = 𝑠(𝑗, 𝑙) + 𝑛(𝑗, 𝑙)                                  (1) 

 

𝑓(𝑗, 𝑙) represents the noisy image, 𝑠(𝑗, 𝑙) represents the original image, 𝑛(𝑗, 𝑙) represents the noise 
contained, j and l represent the pixel position of the image. 

The general steps of wavelet threshold denoising are: 

a) Wavelet transform the image f (j, l) to obtain a series of wavelet coefficients w , ; 

b) Set the corresponding threshold to denoise the wavelet coefficient w ,  to get the estimated 
original coefficient w , ; 

c)The wavelet inverse transform is performed on w ,  to obtain the denoised image f(j, l). 

The most commonly used threshold selection method is proposed by Donoho et al[13]. Based on the 
Gaussian noise model [13], the corresponding threshold value is obtained through the independent 
normal variable decision theory, and its expression is as follows: 

 

𝜆 = 𝛿 2𝑙𝑛 (𝑀 × 𝑁)                                       (2) 

 

λ represents the threshold,M × N represents the size of the image, δ represents the variance of the 
Gaussian noise. The actual noise variance is unpredictable and needs to be estimated. δ =
median(|w , |)/0.6745 is usually used to obtain the Gaussian noise variance. 

3. Research and Improvement of Wavelet Threshold Denoising Function 

3.1 Traditional Wavelet Threshold Function 

Traditional threshold functions include hard threshold function and soft threshold function, and their 
expressions are as follows: 

The hard threshold function is defined as follows: 

 

𝑤 , =
𝑤 , ,   |𝑤 , | ≥ 𝜆

0,   |𝑤 , | < 𝜆
                                      (3) 

 

The soft threshold function is defined as follows: 
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𝑤 , =
𝑠𝑔𝑛 𝑤 ,  𝑤 , − 𝜆 ,   |𝑤 , | ≥ 𝜆

0,    𝑤 , < 𝜆
                           (4) 

 

The image of a typical hard threshold function and a typical soft threshold function is shown in Figure 
1. The hard threshold function is discontinuous at ±λ, and the processed image will have pseudo 
Gibbs phenomenon. The soft threshold function has good continuity, but there is a constant deviation 
between the wavelet coefficients and the wavelet estimation coefficients, which leads to a reduction 
in the degree of approximation between the reconstructed image and the original image, the denoising 
effect is not ideal. 

 

 
Figure 1. Hard threshold function and soft threshold function 

3.2 Improved Wavelet Threshold Function 

In order to solve the problems of the traditional hard threshold and soft threshold denoising functions, 
the improved threshold function proposed in [12] is expressed as follows: 

 

𝑤 , =
𝑠𝑔𝑛 𝑤 , [|𝑤 , | − 𝑠𝑖𝑛(

| , |
)𝑎 (

| , |
)] , |𝑤 , | ≥ 𝜆 

0,                          𝑤 , < 𝜆
                   (5) 

 

When w , = λ, substituting into the above formula, we get w , = 0. Since w ,  is also equal to 0 

when w , < λ, this threshold function is continuous, which solves the pseudo Gibbs effect caused 

by discontinuity of the hard threshold function. When w ,  approaches infinity, it will be infinitely 
close to w , , which solves the problem that the wavelet coefficients processed by the soft threshold 
function and the original wavelet coefficients have the constant difference. The threshold function 
contains two parameters a and b, which can be freely adjusted between the hard threshold function 
and the soft threshold function. 

3.3 A New Improved Wavelet Threshold Function 

In this paper, based on the traditional soft and hard threshold functions and several improved 
threshold functions, the hyperbolic function and exponential function are applied to the threshold 
function. The expression is as follows: 
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𝑊 , =
𝑠𝑔𝑛 (𝑊 , ) 𝑊 , − 𝑎 ,   |𝑊 , | ≥ 𝜆

𝑠𝑔𝑛 𝑊 , 𝑓 , , − 𝑓 , 𝑊 , < 𝜆
                      (6) 

 

The function image of this threshold function is shown in the figure: 

 

 
Figure 2. Threshold function image in this paper 

 

The idea of this threshold function is roughly as follows: 

In W , < λ, the main body of this function uses an exponential function. To ensure that the function 
monotonically increases, let f >  1. In |W , | ≥ λ, the main body of this function uses a hyperbolic 
function. It is easy to know that the asymptote of the hyperbola is W , = W , . 

In order to satisfy the higher-order differentiability of the function, the function is also derivable at 
W , = ±λ, so when W , =λ can construct a function: 

 

(𝜆 − 𝑎 ) / = 𝑓 − 𝑓

𝜆(𝜆 − 𝑎 )( ) = 𝑙𝑛𝑓 ∗ 𝑓
                                 (7) 

 

The first expression of equation (7) indicates that the function values are equal at this point, so the 
function is continuous at that point, and the second expression indicates that the derivative function 
values are equal at this point, so the function is differentiable at that point. 

so: 

 

𝑐 = 1/2(𝑙𝑜𝑔 𝜆(𝑙𝑛𝑓 𝑓 − 1 ) − 𝜆)                           (8) 

 

𝑎 = (𝜆 − 𝑓 − 𝑒 ) /                                  (9) 
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That is, the values of a and c are determined by the parameter f and the threshold λ. By adjusting 
the size of f, the shape of the exponential function can be adjusted, and the shape of the hyperbola 
can be changed accordingly. Therefore, different f values correspond to different denoising effects. 
The threshold λ can be obtained from the formula (2). And in W , < λ, this threshold function is 
not simply set to zero, but is gradually compressed by the exponential function, which can avoid the 
oscillation effect caused by the direct truncation of the threshold function. 

Mathematical analysis of the new threshold function: 

1) Continuity analysis: 

Equation (7) has proved that the function is continuous at W , = ±λ, and the following proves that 
it is continuous at W , = 0: 

 

𝑙𝑖𝑚
, →

𝑊 ,  

= 𝑙𝑖𝑚
, →

(𝑠𝑔𝑛 𝑊 , 𝑓 , , − 𝑓 ) 

= 𝑙𝑖𝑚
, →

(𝑓 , − 𝑓 ) 

= 𝑙𝑖𝑚
, →

(𝑓 − 𝑓 ) = 0 

 

The same can be proved: lim
, →

W , = 0, then lim
, →

W , = lim
, →

W , = 0, Explain that the 

threshold function is continuous at 0. 

2) Bias analysis: 

 

𝑙𝑖𝑚
, →

(𝑊 , − 𝑊 , ) 

= 𝑙𝑖𝑚
, →

(𝑠𝑔𝑛 𝑊 , 𝑊 , − 𝑎 − 𝑊 , ) 

= 𝑙𝑖𝑚
, →

𝑊 , − 𝑊 ,  

=0 

𝑙𝑖𝑚
, →

(𝑊 , − 𝑊 , ) 

= 𝑙𝑖𝑚
, →

(𝑠𝑔𝑛 𝑊 , 𝑊 , − 𝑎 − 𝑊 , ) 

= 𝑙𝑖𝑚
, →

𝑊 , − 𝑊 , =0 

 

so: 

so lim
, →

(W , − W , )=  lim
, →

(W , − W , )=0, when W ,  gradually increases, the deviation 

between W ,  and W ,  will gradually decrease, which overcomes the problem of constant deviation 
in the soft threshold function. 

3) Derivability analysis 

Since both the hyperbolic function and the exponential function are differentiable, and from equation 
(7), it can be known that the threshold function is also differentiable at zero and W , = ±λ, then the 
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threshold function is in  (−∞, + ∞) are all differentiable, which is conducive to subsequent 
mathematical processing. 

In summary, by analyzing the continuity, deviation, and differentiability of the improved threshold 
function, the improved threshold function in this paper further overcomes the discontinuity of the 
hard threshold function and the constant deviation of the wavelet coefficient in the soft threshold 
function. 

The image denoising algorithm based on the improved wavelet threshold function is as follows: 

a) Select the appropriate wavelet basis function, and then perform multi-level orthogonal wavelet 
transform on the noisy image f (j, l) to obtain a set of wavelet decomposition coefficients w , ; 

b) Evaluate the noise variance  according to  = median |w , | /0.6745, then calculate the fixed 
threshold value by formula (2), and then process the wavelet decomposition coefficient by formula 
(6) to obtain the wavelet estimation coefficient w , ; 

c) Inverse wavelet transform on wavelet estimation coefficient w ,  to obtain processed image f , . 

4. Experimental Results and Analysis 

In order to verify the denoising performance of the improved threshold function proposed in this 
paper, experiments were performed using one-dimensional signals and two-dimensional images, 
respectively. The wavelet basis function sym4 is used for wavelet decomposition and wavelet 
reconstruction. Typical hard threshold function, soft threshold function, threshold functions in [13] 
and the improved threshold function in this paper are used for processing, and different adjustment 
factors f are selected. The one-dimensional leleccum signal denoising effect and two-dimensional 
woman image and boat images denoising effect are shown in Figures 2, 3, and 4, visually, the image 
processed by the improved threshold function in this paper is better than the other three threshold 
functions .The image is clearer and the noise removal effect is better. 

Then compare and analyze the performance of each threshold function from objective data. Use mean 
squared error (MSE), peak signal-to-noise ratio (PSNR), and SNR values for comparison. The smaller 
the MSE value, the smaller the difference between the processed image and the original image. The 
larger the PSNR and the SNR, the better the denoising effect. 

The expression of the mean square error is as follows: 

 

𝑀𝑆𝐸 =
×

[∑ ∑ (𝑓(𝑗, 𝑙) − 𝑓 (𝑗, 𝑙)) ]                         (10) 

 

The peak signal-to-noise ratio and signal-to-noise ratio expressions are: 

 

𝑃𝑆𝑁𝑅 = 10 × 𝑙𝑔                                  (11) 

 

𝑆𝑁𝑅 = 10 × 𝑙 𝑔{ ∑ ∑ 𝑓(𝑗, 𝑙) /(𝑀 × 𝑁) · 𝑀𝑆𝐸}                   (12) 

 

M × N  is the size of the test image, and M × N  is replaced with the signal length N  for one-
dimensional signals. f(j, l) and f(j, l) are expressed as the original image and the processed image, 
respectively. Using different adjustment factors f, the data obtained through experimental simulation 
are shown in Tables 1, 2, and 3 below. 
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Figure 3. Leleccum signal denoising effect using different methods 

 

Table 1. Denoising effect index of noisy leleccum signal 

Denoising method MSE PSNR/dB SNR/dB 

Noisy signal 66.993 29.87 51.081 

Hard threshold denoising 18.271 35.513 64.073 

soft threshold denoising 17.852 35.598 64.271 

Literature 13 19.305 35.274 63.523 

This article when f=1.22 17.752 35.614 64.306 

 

Different wavelet threshold function algorithms are used to denoise the noised leleccum signal. The 
values of each evaluation index are shown in Table 1. It can be seen that the MSE obtained by the 
method in this paper is the smallest, and the PSNR and SNR are both the largest, the denoising effect 
has been improved to a certain extent. 

Next, different wavelet threshold denoising algorithms are used to process the noised woman images 
and boat images. The evaluation index values of the denoised images are shown in Tables 2 and 3. 

 

 

Figure 4. The effect of woman image denoising using different methods 

 

Table 2. Denoising effect index of noisy woman image 

Denoising method MSE PSNR/dB SNR/dB 

Noisy image 29.108 33.491 44.643 

Hard threshold denoising 27.690 24.957 24.993 

soft threshold denoising 26.453 29.591 35.663 

Literature 13 24.822 22.393 19.09 

This article when f=1.001 13.968 42.144 64.5695 

 

(a)Original signal (b) After adding 
noise 

(c)Hard threshold 
denoising 

(d)Soft threshold 
denoising 

(f)This article 
when  f=1.22 (e) Literature 13 

(a)Original image (b) After adding 
noise 

(c)Hard threshold 
denoising 

(d)Soft threshold 
denoising 

(f)This article 
when f=1.001 

(e) Literature 13 
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Figure 5. The effect of boatsimage denoising using different methods 

 

Table 3. Denoising effect index of noisy boats image 

Denoising method MSE PSNR/dB SNR/dB 

Noisy image 29.971 33.364 15.834 

Hard threshold denoising 28.955 33.514 16.179 

soft threshold denoising 15.694 36.173 22.304 

Literature 13 24.568 34.227 17.822 

This article when f=3 15.577 36.206 22.379 

 

Different wavelet threshold denoising algorithms are used to process the image of woman and boats 
after noise addition. The values of each evaluation index are shown in Tables 2 and 3. Visually, the 
sharpness of the image processed by the algorithm in this paper has been improved to a certain extent. 
Numerically, the MSE of the image is the smallest among the methods, while the PSNR and SNR are 
the largest. The denoising effect has been improved. 

5. Conclusion 

This paper proposes an improved wavelet threshold image denoising algorithm, which compares and 
analyzes three traditional evaluation indexes under the traditional soft threshold function, hard 
threshold function, literature, and the threshold function proposed in this paper. The threshold 
function in this paper not only improves the disadvantages of the discontinuity of the traditional hard 
threshold function, the constant deviation of the hard threshold, but also the higher order derivability, 
which is more conducive to the later processing of the function. At the same time, the improved 
wavelet threshold function in this paper contains an adjustment threshold factor f, and a better 
denoising effect can be obtained by adjusting the parameters. The simulation experiment results show 
that, no matter from the visual effects or the comparison and analysis of the three evaluation indexes, 
compared with other denoising schemes, the denoising effect based on the improved threshold 
function in this paper is more ideal. 
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