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Abstract 
In this paper, by analyzing the old sheep-dog game problem, establishing differential 
equation model, neural network deep learning model, hierarchical analysis method, 
decision tree and other models and algorithms to analyze the problem respectively, and 
using matlab to solve the problem to get the solution of the problem about sheep-dog 
game. According to the restrictions of the article for the model, the differential equations 
of motion of the sheep and the equations of motion of the dog are established 
respectively, and to simplify the calculation, the model is analyzed by using the sheep-
dog isotropy in the special make case, and finally the optimal strategy of the dog is the 
isotropy with the sheep, so that the dog chases the sheep with the optimal strategy. On 
this basis, it is found that it is more favorable for the dog after the sheep are fully 
isotropic, and a critical model between the radius ratio and the speed ratio is established. 
When training the sheep, finally the sheep to the dog's movement route is analyzed based 
on the kinematic optimal decision knowledge, the movement direction can be divided 
into two categories combined with the principle of neural network deep learning, and 
finally can optimize the trend of machine learning and the probability of success in the 
learning process. 
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1. Introduction 

1.1 Problem Background 

Due to the low efficiency (effectiveness/arithmetic power) of machine learning methods for solving 
problems with continuous actions and states such as optimal control and differential countermeasures, 
the special differential countermeasure problem will be a competitive case for testing machine 
learning methods. 

An old sheep-dog game problem: A sheep has a constant rate v within a circle of radius R and an 
arbitrary turning ability satisfying the following restriction: the distance between each point on the 
escape path and the center of the circle is monotonically non-decreasing with time. The sheep wins if 
it escapes from the circle. The dog is blocked along the circumference of the circle at a constant rate 
V to prevent the sheep from escaping and has the ability to choose one of the two directions of the 
circle at any given moment[1]. 

1.2 Research Overview 

First, this paper establishes the differential equations of motion of sheep and the equations of motion 
of dogs respectively, and it can be found from the two equations of motion that sheep are carrying 
out two-dimensional randomly distributed motion and dogs are carrying out one-dimensional 
randomly distributed motion, and for the problem solution the coordinate distribution probability is 
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used to calculate, and due to the complexity of the calculation, the sheep-dog isotropy in the special 
make case is used to analyze the model, and finally the optimal strategy of dogs is to be in the same 
direction with sheep. The optimal strategy for the dog to chase the sheep is made. 

Secondly, based on the above study, it can be found that it is more favorable for the dog after the 
sheep are fully isotropic, and finally the critical model between the radius ratio and the speed ratio is 
established, and it is obtained that when the speed of the sheep is greater than rV/R, it can meet the 
sheep can escape successfully. 

Finally, when the sheep is trained, the sheep's movement route to the dog is analyzed, and the one-
dimensional model of the dog's movement is classified, and the dog moves in the periphery, based on 
the optimal decision knowledge of kinematics, then the movement direction can be divided into two 
categories. By combining the principles of deep learning of neural networks, the overall situation of 
machine learning is solved, and eventually the trend of machine learning and the probability of 
success in the learning process can be optimized. 

2. Differential Equation Model Construction and Solution 

2.1 Model Construction 

The dog (dog) motion model is established, because the dog is really the outermost circle, and the 
motion is uniform(V) so the dog's motion can be established one-dimensional random walk 
probability distribution model: according to the sheep dog's motion route to establish the model is 
shown in Figure 1 below[2]. 

 

 
Figure 1. Sheep dog model 

 

Assuming that the dog will only wander randomly along a straight path where I am, the sheep catching 
problem becomes a one-dimensional random walk problem. Then, we can set the dog's position at 
the initial moment at (ρ1,ɵ1) and the sheep's position at (ρ2,ɵ2). For a one-dimensional route, only 
two directions can be chosen to wander left and right, so the dog has a total of 2 different paths if she 
walks. We note that n is the number of steps she takes to the right and m is the number of steps she 
takes to the left, indicating the location of the sheep after m+n steps from the origin, then there is: it 
can be found that the dog takes n steps to the right and m steps to the left to get to the location of the 
coordinate point where it is. 

Therefore, when m and n are even, the probability of sheep meeting through dog steps is 0. 

For a one-dimensional route, one can only choose to wander in two directions, left and right (tangent 
to the circle), so the dog takes n steps, then there is a total of 2n different paths. Let d be the number 
of steps she takes to the right, l be the number of steps she takes to the left, and r denote the location 
of the dog after r + l steps from (R, angle), then the one-dimensional random model yields the 
coordinates of the dog at different moments. 

 

  * / *r V l k C 
1

（ ， ）                                (1) 
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The sheep can be thought of as a two-dimensional random walk (Random Walk), and the two-
dimensional random walk has constant return, that is, as the number of steps tends to infinity, all 
positions are bound to pass through. For example, if we start from (0,0), we will pass the point (0,0) 
again with probability 1 as the number of steps goes to infinity according to the constant return 
property. Dealing with the probability distribution of a two-bit random walk can be more complicated, 
so let's first briefly introduce the probability distribution of a one-dimensional random walk. 

Establish two-bit random coordinates for the sheep, define the position as actually 2 2( , )  , since the 
sheep movement can only be left or right or up, by the movement and into can be seen as a curve 
along the circumference of the movement as well as a line segment perpendicular to the circumference 
of the circle. 

Define the kind of motion rate as v sheep, each time the minimum unit time in one direction is fixed, 
to get the shortest distance Smin sheep in a certain direction. 

Establish a two-position random distribution model, sheep to the left with probability p, to the right 
with probability q, and up with probability m. 

P+q+m=1. The final equation of the sheep's position is obtained as. 

 

  2 *  / *R p Q V k C （ ， （ ）                               (2) 

 

The solution is obtained by the two coordinates are equal. 

However, due to the different probabilities of movement in the process of movement, and the sheep's 
two-dimensional random distribution model a dog's random distribution model is not convenient to 
solve, thus establishing the final sheep dog direction consistent model for the sheep dog problem 
mechanical energy solution. 

The decomposition of the state of motion of the sheep as ab + bd, where the time of the sheep 
movement is fixed, this case is to consider an extreme case, that is, when the dog and sheep along the 
same direction of movement, this time assume that the small radius of which is r. 

Comparison of time can be found in the shortest time is the arc ab with bd, this is due to a to d the 
shortest distance, that is, along the arc movement as well as tangential movement distance is the 
shortest, so that can be proved by the shortest line segment between two points. 

Calculate the time, compare V/v and R/r ratio, when V/v is large, ab is the optimal solution when it 
is 0. Calculate the time of a motion along the tangent line in the limit state with the direct time, in that 
case the dog's distance is the farthest, and get the coordinate range of the dog. 

During the motion of the chicken dog, establish the differential equation of motion, where the 
differential equation of motion of the dog is shown as follows. 

 

 
dr

v
dt

                                           (3) 

 

The result is. 

 

 
0 /

1T R

rR v

dt dr
v

                                       (4) 

 

where the differential equation of motion of the sheep is shown below. 
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                                  (5) 

 

The movement time of which is shown below. 

 

 
dr

t
dv

                                           (6) 

 

From the above model, it is clear that for the most cases it depends mainly on the ratio of R to r and 
V to v. In this paper, we take a value of 2 for R/r, which means that the sheep are in the middle part 
of a large circle, and thus determine whether the dog's range can pursue the sheep. The specific results 
are shown in Figure 2. 

 

 

Figure 2. Sheep dog chasing problem 

 

The dog in Figure 2 has to run in a counterclockwise direction. When the dog runs clockwise, it is 
obviously easier to catch the sheep. When the sheep is counterclockwise, the dog also needs to move 
counterclockwise. Since the sheep move faster than the dog out of the zero bound, the starting 
condition can be obtained, which indicates that the dog can only chase the sheep counterclockwise. 

2.2 Critical Model Construction 

For the sheep-dog problem, the dog is besieged with the optimal strategy, based on the exact modeling 
to solve the condition that the sheep can escape to win; on the basis of model one, the differential 
equation model is established[3]. 

When the radius of the sheep's position r < Rv/V, the angular velocity of the sheep rotating around 
the center of the pond circle is necessarily greater than V/R, that is, greater than the angular velocity 
of the dog rotating around the center of the circle on the shore. Thus, in such a position, the sheep can 
ensure that it is at the far end of the line connecting the dog to the center of the circle, making itself 
as far away from the dog as possible. 

When r>Rv/V, the differential equation of model I is combined as the limiting condition. 

During the chicken-dog movement, the differential equations of motion are established, where the 
differential equations of motion for the dog are shown below. 

 

 
dr

v
dt

                                            (7) 

 

The result is. 
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0 /

1T R

rR v

dt dr
v

                                      (8) 

 

where the differential equation of motion of the sheep is shown below. 

 

 
/ /

R R
wr

rR v R v

vv
dr dr

r r v
  

                                  (9) 

 

The movement time of which is shown below. 

 

 
dr

t
dv

                                        (10) 

 

Solving from the above equation, it can be found that when the dog runs clockwise, it is obviously 
easier to catch the sheep. When the sheep counterclockwise, the sheep also needs to move 
counterclockwise. Since the zero boundary point out of the sheep's movement is faster than the dog, 
the starting condition can be obtained, which shows that the dog can only chase the sheep 
counterclockwise. Figure 3 shows the optimal escape route for the sheep[4]. 

 

 

Figure 3. The best escape route for sheep - running in a straight line along the direction 
perpendicular to the initial line with the dog 

3. Neural Network Deep Learning Model Building and Solving 

3.1 Feedforward Calculation of BP Networks 

Suppose there are m input nodes and l output nodes, and the hidden layer of the network contains Q 
neurons. 

In the learning phase of the training network, N training samples are set. First, assume that {XP} and 
{TP} are trained by an input/output pattern of sample P and the input of the i-th neuron in the hidden 
layer is. 

 

 
1 1

1, 2 .
M M

p p p

i ij j i ij j i
j j

net qw w io x 
 

      （ ）                   (11) 

 

There are Q neurons in the hidden layer of the network, where and are the input and output of input 
node j under the action of sample P, respectively. It is the connection weight between neuron J in the 
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input layer and neuron I in the hidden layer; It is the threshold value of neuron I in the hidden layer; 
M is the number of nodes in the input layer, i.e., the number of inputs. 

The output of the i-th neuron in the hidden layer is. 

 

 ( ) 1, 2 .p p

i i io g n qet   （ ）                                (12) 

 

For Sigmoid-type activation functions. 

 

 
1 0

1
( )

1 exp[ ( ) / ]
f x

x  


  
                             (13) 

 

In Eq. The parameters represent fractional values, and a positive number indicates that the activation 
function is shifted horizontally to the left; a positive number indicates that the activation function is 
shifted horizontally to the left. A smaller one will make the S-shaped function close to the step limit 
function, while a larger one will make the S-shaped function flatter[5]. 

The differential function of the hidden layer activation function g() is. 

 

  ' 1( ) ( ) 1 , 21 ) .(p p p p p

i i i i ig net g net o qg ne it o      （ ）                (14) 

 

The output of the i-th neuron in the hidden layer is propagated forward to the k-th neuron in the output 
layer through the weight coefficients as one of its inputs, while the total input of the k-th neuron in 
the output layer is. 

 

 
1

1, 2 .
q

p p

k ki i k
i

kw o Lnet 


   （ ）                          (15) 

 

where the connection weight between the neuron I in the hidden layer and the neuron K in the output 
layer; it is the threshold of the output neuron K; Q is the number of nodes in the hidden layer. 

The actual output of K neurons in the output layer is. 

 

 ( ) 1,2 .p p

k knet g net k L  （ ）                            (16) 

 

The output layer activation function of the differential function is. 

 

 ' ( ) ( ) 1 ( ) (1 .) 1, 2p p p p p

k k k k kg net g net g net o ko L      （ ）                (17) 

 

By analyzing the output and the input, by combining the error of the input and the output in it, by 
combining the weight coefficients in it, by combining the output layer neurons at this stage, by 
combining the input values in it, by analyzing the network weights in it, by combining the similar 
learning methods in it, by training the samples in it. 

3.2 Adjustment Rules for BP Network Weight Coefficients 

The weighted coefficient modification formula for any neuron k in the output layer is. 
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 ( ) (1 )p p p p p p p

ki k i k k k k iw o t o o o o                              (18) 

 

The correction formula for the weighting factor of any neuron i in the hidden layer is. 

 

 
1

(1 )( )
L

p p p p p p
ij i j i i k ki j

k

w o o o w o  


                          (19) 

 

The improved formula for the weighting factor of any neuron k in the output layer when sample p 
acts is. 

 

 ( 1) ( ) p p

ki ki k iw k w k o                                (20) 

 

The improved formula for the weighting coefficient of any neuron i in the hidden layer at the action 
of sample p is. 

 

 ( 1) ( ) p p
ij ij i jw k w k o                                (21) 

 

In the process of conducting deep learning, by analyzing the error function in it, combined with the 
adjusted weighting coefficients in it, combined with the existing sample role, the output layer is 
weighted by weighting the neurons K and I. Combined with the existing weighting formula, the 
following formula is deduced. 

 

 
1

( 1) ( )
N

p p

ki ki k i
p

w k w k o 


                                 (22) 

 

  
1

( 1) ( )
N

p p

ij ij i j
p

w k w k o 


                                  (23) 

 

Combined with the sample error for the analysis, the calculation of the reverse neural network, 
combined with the weight calculation, through the analysis of which the deep learning method to get 
the overall convergence, combined with the analysis of multiple samples, can strengthen the sample 
analysis process as well as the sample analysis results. 

In the process of conducting deep learning, it is divided into online deep learning and offline deep 
learning, in which online deep learning is performed by simulating different modules, combining the 
weight requirements of which, analyzing the learning characteristics at this stage, and increasing the 
overall output of the network, by analyzing the online learning process, analyzing the learning factors 
in which, getting the learning of different methods in different modes, and getting the learning of 
which The results of the network training are analyzed by analyzing the weights. Offline school is a 
batch learning method, is a kind of learning method, by which the network is modified, so that its 
weight in the direction of the decline changes, combined with the actual its working conditions of 
training, usually using the batch learning method for learning, to facilitate the use of neural networks 
in which, combined with the corresponding data due diligence analysis, using online and offline for 
analysis, to get the image processing method. 
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By thinking evolutionary algorithm to optimize BP neural network as the core, the neural network 
machine learning model is established, and the learning process is obtained as shown in Figure 4 
below. 

 

 

Figure 4. Learning Process 

 

The learning results for different cases are obtained as shown in Figure 5. 

 

 

Figure 5. Convergence process and the convergence process after machine learning 
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4. Conclusion 

In this paper, the differential equations of motion of the sheep and the equations of motion of the dog 
are firstly established, and then the optimal containment strategy of the dog is solved by kinematic 
exact modeling, and the algorithm is simple in logic and easy to implement. On the basis of the 
assumption that the dog uses the optimal strategy for containment, the conditions under which the 
sheep can escape and win are solved based on the exact modeling, i.e., when the speed of the sheep 
is greater than rV/R, the sheep can satisfy the escape success. Assuming that the sheep understands 
its ability, limitation and the goal of escaping by avoiding dog siege, but does not have the knowledge 
of optimal decision making based on kinematics, the condition that the sheep can escape in 
assumption 2 is satisfied, and by combining the principle of deep learning of neural network, the 
overall situation of machine learning is solved, and finally the trend of machine learning and the 
probability of success in the learning process can be optimized, and finally a machine learning method 
is given that allows sheep to escape through learning training; however, due to the number of 
algorithmic models used in this paper, causing the error to increase in multiple steps. 
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