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Abstract 
The first-order linear inverted pendulum system is a nonlinear and unstable system, and 
the starting of the aircraft, the flying in the air and the uprightness of the robot all put 
forward urgent requirements for the research of the inverted pendulum. In order to 
study the start-up and steady-swing problems of the first-order linear inverted 
pendulum, the inverted pendulum is mathematically modeled, and a start-up control 
algorithm based on energy feedback and a linear quadratic optimal stabilization control 
algorithm are designed. SIMULINK is used to control the inverted pendulum Carry out 
3D modeling, and finally realize the automatic starting and stable swing of the inverted 
pendulum. After the system simulation test, the pendulum rod swings twice to achieve 
the start-up and swing, and the start-up and stable pendulum are completed within 6 
seconds, and the optimized start-up and swing method saves time, reduces the number 
of swings, and achieves the expected performance. Realization plays an irreplaceable 
role in the research of practical teaching and control theory. 
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1. Introduction 

The inverted pendulum is an unstable, multi-coupling, nonlinear and extremely complex system. 
When designing the inverted pendulum control system, the quality of the controller also directly 
determines the robustness of the control system and the anti-interference ability of the system. The 
swing bar angle of the inverted pendulum, the displacement of the trolley and the response time of 
the system jointly determine the quality of the entire control system. The construction of the inverted 
pendulum simulation platform can help everyone better learn the relevant control theory and improve 
the attitude of the aircraft in the air. Maintain the scientific understanding of the uprightness and 
movement function of the robot; the use of MATLAB to model and simulate the inverted pendulum 
can further simplify the structure of the inverted pendulum. When the pendulum is in a balanced state, 
the pendulum will sag naturally due to the action of gravity, and the inverted pendulum should be 
vertical. Straight up and in a stable pendulum state requires first swinging the inverted pendulum and 
then switching to a stable pendulum at a certain angle. The problem of pendulum has been studied by 
many scientists a long time ago. In the 1990s, K.J.Astrom studied the first-order linear inverted 
pendulum from the perspective of energy, and finally realized the lifting of the inverted pendulum[1]; 
Hou Xianglin researched the realization method of the rapid swinging of the inverted pendulum based 
on the optimization principle. The control law vector in each time period is used as the design variable, 
and the end-point constraint is used as the objective function, and the optimization program 
calculation method of the optimal control law is established, and it is effectively applied to the swing 
process control of the annular single-stage inverted pendulum [2] ; Zhu Jiangbin et al. proposed a 
real-time nonlinear system control method based on expert system and variable-step predictive 
control, using variable-step one-step prediction to avoid complex nonlinear derivation, and 
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combining the expert system to revise the control parameters[3], so as to finally realize Based on 
these achievements, this paper uses MATLAB to build a first-order linear inverted pendulum 
simulation system, and finally realizes the lifting and stable pendulum of the inverted pendulum. 

2. Model Construction and Algorithm Implementation 

2.1 Model Construction 

2.1.1 Inverted Pendulum Mathematical Modeling 

The inverted pendulum model is shown in Figure 1. According to the classical control theory, the 
inverted pendulum system is mechanically analyzed by using Newton's second law of motion to 
establish the horizontal motion of the trolley (slider on the inverted pendulum) and the vertical 
position of the pendulum rod. The dynamic equation of the system is obtained by reasonable 
linearization and Laplace transformation, and the transfer function and linear equation of the system 
are obtained. 

 

 
Figure 1. Inverted Pendulum Model 

 

The relevant parameters are shown in Table 1. 

 

Table 1. Modeling parameters 

Parameter Value and Unit Meaning of Representation 

𝑴 0.2275𝐾𝑔 Trolley weight 

𝒎 0.0923𝐾𝑔 Swing bar weight 

𝑭 𝑁 The pulling force of the trolley 

𝑿 𝑚 Displacement of the trolley 

𝑱 0.004212𝐾𝑔. 𝑚  Moment of inertia of the pendulum 

𝝁 0.1𝑁/(𝑚/𝑠) Trolley sliding friction coefficient 

𝑳 0.185𝑚 Swing bar half length 

�̇� 𝑚/𝑠 trolley speed 

𝜽 𝑟𝑎𝑑 
The angle between the pendulum rod and the vertical downward 

direction 

𝑵 𝑁 The interaction force between the pendulum and the trolley 

𝝓 𝑟𝑎𝑑 The angle between the pendulum rod and the vertical upward direction 
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Force analysis of the pendulum rod in the X direction: 

 

𝑁 = 𝑚𝑎 = 𝑚
( )

                                (1) 

 

Expand the above formula to get. 

 

𝑁 = 𝑚�̈� + 𝑚𝐿�̈�𝑐𝑜𝑠𝜃 − 𝑚𝐿�̇� 𝑠𝑖𝑛𝜃                         (2) 

 

The force analysis of the car in the X direction is carried out, and the corresponding kinematic 
equations are obtained: 

 

𝑀�̈� = 𝐹 − 𝜇�̇� − 𝑁                                   (3) 

 

Substituting formula (2) into formula (3), we get: 

 

𝐹 = (𝑀 + 𝑚)�̈� + 𝜇�̇� + 𝑚𝐿�̈�𝑐𝑜𝑠𝜃 − 𝑚𝐿�̇� 𝑠𝑖𝑛𝜃                    (4) 

 

Force analysis of the pendulum rod in the Y direction: 

 

𝑁 = 𝑚𝑎 = 𝑚𝑔 + 𝑚
( )

                            (5) 

 

The above formula is simplified to: 

 

𝑁 = 𝑚𝑔 − 𝑚𝐿�̈�𝑠𝑖𝑛𝜃 − 𝑚𝐿�̇� 𝑐𝑜𝑠𝜃                         (6) 

 

According to Newton's law of motion and the law of rigid body motion, the rotation equation of the 
pendulum rod around its rotation end point can be known: 

 

𝐽�̈� = −𝑁 𝐿𝑠𝑖𝑛𝜃 − 𝑁 𝐿𝑐𝑜𝑠𝜃                             (7) 

 

Let 𝜙 be the angle between the pendulum rod and the vertical upward direction. At this time, 𝜃 and 
𝜙 satisfy 𝜃 = 𝜋 + 𝜙, 𝑠𝑖𝑛𝜃 = −𝑠𝑖𝑛𝜙, 𝑐𝑜𝑠𝜃 = −𝑐𝑜𝑠𝜙, by formula (2), formula (6) And formula (7) 
can be obtained: 

 

𝑚𝑔𝐿𝑠𝑖𝑛𝜃 + (𝐽 + 𝑚𝐿 )�̈� = −𝑚𝐿𝑐𝑜𝑠𝜃�̈�                        (8) 

 

When the inverted pendulum is swinging to maintain balance, ϕ is very small and tends to zero. At 
this time, 𝑠𝑖𝑛𝜃 = −𝑠𝑖𝑛𝜙 = −𝜙, 𝑐𝑜𝑠𝜃 = −𝑐𝑜𝑠𝜙 = −1, �̈� ≈ 0. According to the above conditions, 
formula (8) degenerate and linearize to get: 
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𝐹 = 𝜇�̇� + (𝑚 + 𝑀)�̈� − 𝑚𝐿�̈�                                (9) 

 

𝑚𝐿�̈� = (𝐽 + 𝑚𝐿 )�̈� − 𝑚𝑔𝐿𝜙                            (10) 

 

The Laplace change of the above two formulas (9) and (10) can be obtained: 

 

𝐹(𝑠) = 𝜇𝑋(𝑠)𝑆 + (𝑚 + 𝑀)𝑋(𝑠)𝑆 − 𝑚𝐿𝜙(𝑠)                    (11) 

 

𝑚𝐿𝑋(𝑠)𝑆 = (𝐽 + 𝑚𝐿 )𝜙(𝑠)𝑆 − 𝑚𝑔𝐿𝜙(𝑠)                     (12) 

 

Simplifying the formula (12), the transfer function between the pendulum angle 𝜙(𝑠) and the trolley 
displacement 𝑋(𝑠) can be obtained: 

 
( )

( )
=

( )
                                (13) 

 

Putting the formula (13) into the formula (11), the relationship between the system input force 𝐹(𝑠) 
and the output swing rod angle 𝜙(𝑠) can be obtained: 

 

( )

( )
=

( ) ( )
                        (14) 

 

Where 𝛾 = (𝐽 + 𝑚𝐿 )(𝑀 + 𝑚) − (𝑚𝐿) , in order to facilitate the quadratic linear (LQR) control, 
the state equation of the space is set: 

 

�̇� = 𝐴𝑋 + 𝐵𝐹
𝑌 = 𝐶𝑋 + 𝐷𝐹

                                   (15) 

 

Then there are: 

 

⎩
⎪
⎨

⎪
⎧

�̇� = �̈�

�̈� =
( )

( )
�̇� +

( )
𝜙 +

( )
𝐹

�̇� = �̈�

�̈� =
( )

�̇� +
( )

( )
𝜙 +

( )
𝐹

               (16) 

 

𝑌 =
𝑋
𝜙

=
̇

𝜙

�̇�

                                     (17) 

After measurement M=0.2275kg, m=0.0923kg, L=0.185m, J=0.004212 kg. m , 𝜇 = 0.1N(m/s) 
substitute the data to get: 
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𝐴 =

0
0
0
0

   

1
−0.3568

0
−0.8266

   

0
1.3847

0
0

   

0
0
1

25.9335

 

 

𝐵 =

0
3.5683

0
8.2663

  

2.1.2 Simulink Modeling 

Open Simulink in MATLAB on the home page, select Simscape Multibody in the library, drag Rigid 
transform to perform rigid coordinate transformation, drag Solid to the workspace according to the 
inverted pendulum entity, and double-click to configure the mass and volume of the trolley, length 
5cm, width 5cm, height 10cm, and the mass is 0.2275kg; similar to the trolley, the pendulum rod is 
also a rigid body. In order to simplify the model, the original cylindrical rod is configured as a cuboid, 
which also has no effect on the system. The mass is set to 0.0923kg; finally, the sliding pair and the 
rotating pair are configured, and the sliding friction coefficient of the sliding pair is set to 0.1N/(m/s). 
The sensor and angular acceleration sensor are selected, and for the configuration and debugging of 
the controller in the later stage, the initial angle value of the pendulum rod is set to the variable 
Init_theta, and the initial angle value can be input after the inverted pendulum is encapsulated; finally 
configure the track, set the track length, and The quality of the track, after the track setting is 
completed, connect the track and the trolley through the sliding pair, after the main components are 
configured, connect the trolley and the pendulum through the rigid body coordinate transformation, 
configure the input force port of the sliding pair as IN, slide The displacement and speed of the pair, 
the angular velocity of the rotating pair, and the angular acceleration are configured as OUT. After 
the configuration is completed, the track and the trolley are connected through the sliding pair. The 
system interface of the inverted pendulum is shown in Figure 2. The state where the initial angle is 
set to 180 degrees is shown in Figure 3. 

 

 
Figure 2. Inverted pendulum system 
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Figure 3. Inverted Pendulum Model 

2.2 Algorithm Implementation 

2.2.1 Swing Algorithm Implementation 

Set the system potential energy 𝐸 = 0 when the pendulum is swung and stabilized. In the initial 
equilibrium state 𝜃 = 0, according to the functional relationship, when the pendulum rod rises from 
the sagging stable state to the highest point, the system needs to do −2𝑚𝑔𝐿 of work on it. When 
reaching the highest point, the total energy of the system 𝐸 = 2𝑚𝑔𝐿 , and the energy of the 
pendulum at any time is: 

 

𝐸 = 𝐽�̇� + 𝑚𝑔𝐿(1 − 𝑐𝑜𝑠𝜃)                              (18) 

 

Since the performance of the system is very high for one start-up swing, if the control is improper, it 
will easily cause excessive overshoot or fail to meet the maximum angle requirement for stable swing. 
The use of energy feedback can reduce the requirements for system hardware, and stable swing can 
be achieved through multiple swings. switch angle.  

In order to facilitate control, it is necessary to study the relationship between the energy change and 
the angle at any time, and differentiate the energy:  

 

= 𝐽�̈��̇� + 𝑚𝑔𝐿𝑠𝑖𝑛𝜃�̇�                               (19) 

 

According to formula (8) as a known condition, it can be simplified into formula (18): 

 

= −𝑚𝐿�̈��̇�𝑐𝑜𝑠𝜃                                  (20) 

 

According to the analysis of formula (20), it can be found that if the energy is to increase gradually, 

that is, > 0, then �̈��̇�𝑐𝑜𝑠𝜃 < 0, that is, the pulling force on the car should be opposite in sign to 

�̇�𝑐𝑜𝑠𝜃. During the swinging process, as the swinging angle increases, the pulling force F should 
gradually decrease to realize the fine-tuning of the energy. Therefore, the feedback method according 
to the angle and energy can be set as: 

 

𝐹 = −𝑘 𝑠𝑔𝑛((𝐸 − 𝐸 )�̇�𝑐𝑜𝑠𝜃)                           (21) 
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From the theoretical analysis, it can be seen from the theoretical analysis that F should approach 0 as 
quickly as possible when approaching the switching angle. According to the simulation law, K takes 
any constant between 0 and 1. 

2.2.2 Stable Pendulum Algorithm Implementation 

After the inverted pendulum starts to swing, with the increase of the angle, when |𝜙| ≤ 𝜙 , the stable 
pendulum system can maintain the state. The stable pendulum system is usually controlled by PID 
and LQR. This design adopts the LQR controller with better effect. Linear quadratic optimal control 
(LQR) is not only easy to design, easy to implement, and has engineering properties. The LQR control 
algorithm is 𝐹 = 𝐾 𝑋 + 𝐾 �̇� + 𝐾 𝜃 + 𝐾 �̇�  ,̇ and the coefficient K before each variable is passed 
through MATLAB The expression 𝐾 = 𝑙𝑞𝑟(𝐴, 𝐵, 𝑄, 𝑅) in the expression can be obtained; in the 
expression, A and B come from the parameters of the modeling linearization equation system, while 
Q and R are important parameters that determine the performance of the system. Within a reasonable 
range, the larger the Q value, the better the system robustness, the shorter the adjustment time, and 
the larger the adjustable angle. R is the sensitivity of the system to the input quantity F. 

By repeatedly adjusting the parameters, the parameters set the displacement weight to 4500 and the 
angle weight to 1000, the system response is obtained as shown in Figure 2-4. From the response 
curve, it can be seen from the response curve that the LQR controller set at this time can maintain the 
system 1.6s after being disturbed. It is stable, and the maximum error between the stable position and 
the initial position is only 1.5cm. The design of the stable swing controller meets the requirements. 
The corresponding coefficients can be obtained by using K=lqr(A, B, Q, R) in MATLAB. The 
running result is K=[67.08 36.79 -101.46 -20.1635]. 

 

 
Figure 4. LQR design with displacement weight of 4500 and angle weight of 1000 

2.2.3 System Construction 

The system is built in Simulink, and the first-order inverted pendulum system after the algorithm is 
built is shown in Figure 5. The system consists of an inverted pendulum model and the corresponding 
starting and stabilizing algorithms. The angle of the straight upward direction can be switched, and 
the switching angle can be between 10°~15°. 
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Figure 5. The first-order inverted pendulum system after building the algorithm 

 

The swing control strategy based on swing angle feedback is 𝐹 = −𝑘 𝑠𝑔𝑛((𝐸 − 𝐸 )�̇�𝑐𝑜𝑠𝜃). 

The swing algorithm is built in Simulink, and the built swing algorithm is shown in Figure 6 shown. 

 

 
Figure 6. The built-up swing algorithm 

3. Simulation Results and Conclusion 

3.1 Simulation Results 

As shown by the displacement curve in Figure 7, it can be seen that the displacement of the trolley in 
the positive and negative directions is about 0.3m, and the swing-up system is completed in about 3s, 
and the integration of the stable swing and swing is completed in about 6s, and the response of the 
system is very good. Fast; in the angle-time curve corresponding to Figure 8, it is verified that the 
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system can meet the requirements of stable swing in 2 swings, and the angle changes smoothly and 
quickly, and the system responds well. 

 

 
Figure 7. Variation curve of trolley displacement with time. 

 

 
Figure 8. Variation curve of pendulum angle with time 

3.2 Conclusion 

In this paper, the theoretical analysis of the inverted pendulum is carried out, and the transfer function 
of the first-order linear inverted pendulum is obtained. The simulation model of the first-order linear 
inverted pendulum system is constructed based on Simulink in MATLAB. Optimal Control Swing 
Algorithm. The experimental results show that building the inverted pendulum model in MATLAB 
can effectively realize the function of starting and stabilizing the pendulum, which provides a new 
channel for the learning of the inverted pendulum system.  
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