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Abstract 
Objectives: Different kinds of coordinate systems were calculated and established to 
quantitatively describe spatial operations in digital dentistry to solve the problem of few 
relevant reports from underlying mathematical calculation to top-level software design 
so far. Methods: The absolute coordinate system (A-CS) of the whole teeth was calculated 
by three easily available feature points to determine views of models. The relative 
coordinate system (R-CS) of a single tooth with automatically generated coordinate axes 
was used the oriented bounding box (OBB) method based on principal component 
analysis (PCA) to determine. The default coordinate system (D-CS) is generated by the 
using software. Results: It is the R-CS that remains relative positions and relationships 
of a single tooth unchanged in operation, which makes independent analysis into reality. 
The combination of A-CS and R-CS judges every tooth and reversely calculates operations, 
which realizes independent operations and simple calculations of globalizations and 
localizations. The transformation matrix based on axis-angle realized the simultaneous 
rotation and translation, calculating the mutual transformations in different positions 
and coordinate systems. Conclusions: The digital calculations and operations in different 
coordinate systems demonstrated the good performance for transformations between 
local and whole models. Clinical significance: The calculations of appropriate coordinate 
systems are basic and essential for complete digital operations in dental treatments and 
3D printing. 
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1. Introduction 

More and more attention has been paid to dental fields for many reasons, such as economic impact 
[1], oral diseases [2], oral health [3] and people's pursuit of beauty [4-6]. With the development of 
computer-aided design (CAD) and computer-aid manufacturing (CAM), the digital models have been 
widely used in many areas for many advantages including instant accessibility of 3D information [7], 
the smaller error [8], the visualization [9], as well as accuracy and reliability [10]. Consequently, 
many new three-dimensional (3D) data acquirement technologies [11, 12] have been explored to 
achieve extracting and processing digital models. Intraoral scanners are commonly used to scan and 
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extract dentitions to generate accurate 3D digital tooth models [13-15]. The format of 
stereolithography (STL) [16] is one of the optimum methods to transfer the 3D models to 3D digital 
information and has been standard for data input of all types of rapid prototyping systems [17], which 
advocates the evolution of virtual dental fields. 

Traditionally, processing teeth was always handled by professionals to generate personal treatments 
and devices, the speed and quality of teeth processing were based on the experience of the operators, 
and the next operation must be determined by the result of the previous step in the phased multi-step 
practice. This has greatly limited the development and breakthrough of relevant fields for the reasons 
that full manual operations cannot provide predictable results and consume a lot of time and energy. 
Compared with the traditional methods, the advantages of digital models in orthodontic consist of no 
real space for storage, easier acquirement and measurement, least chance of failure or breakage [18], 
and the convenience of recording and sharing of data [19-21]. When dealing with the digital teeth 
models, data are acquired from the information of triangular meshes. And it is beneficial for 
automatically manipulating the dental data to make full use of the advantages of mathematical 
calculations to generate some algorithms. The combination of mathematical calculations and 
computer-aided technology accelerates and facilitates processing digital models with lower cost and 
better stage visualization.  

The finite helical axis system and the rectangular coordinate system are used to perform 
biomechanical analyses [22]. Besides, the calculation for convenient operations is also needed to be 
considered. It is very important to establish proper coordinate systems and views to correctly align 
medical images with viewers’ positions [23, 24]. Though various methods have been taken to process 
teeth models, the specific and proper mathematical realization of the teeth models in virtual 
environments has not been studied carefully.  

The method of principal component analysis (PCA) is widely used in calculations to find the 
directions of the largest variance from a numerical data set [25-27]. Though the oriented bounding 
box (OBB) [28] is always used in collision detection for teeth [29, 30], it can generate three vertical 
directions, which can be coordinate axes of rectangular coordinate system. 

The aim of the coordinate calculation was to better understand and operate the digital models in 
dentistry. 

2. Materials and Methods 

2.1 Data Acquisition 

 
Figure 1. FDI two-digit tooth position representation of 3D digital models. 
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All 3D surface dental models were extracted and obtained by intraoral scanners (3Shape) in the 
Guangzhou company called eBrace. The teeth were numbered by using the method of two-digit dental 
position recording in Federation Dentaire International (FDI) system [31] (Figure 1).  

2.2 Mathematical Method 

Three feature points were easily selected on the dental model and the center of these points was 
chosen as the origin of the A-CS for convenient and simple operations. The directions of the 
coordinate axes were calculated by the relationships of the vectors. The positive directions of the 
coordinate axes were selected on the basis of the practical operation habit. The A-CS of the dental 
model was established by the rule of right-handed Cartesian coordinate system.  

To find the origin of R-CS quickly and easily, the mean coordinate value of all sample points on a 
single tooth was calculated. The OBB method based PCA was taken to generate the directions of 
three coordinate axes. The positive directions of the coordinate axes were chosen by the practical 
operation habit and the R-CS of a single tooth was established by the rule of the Cartesian right-
handed coordinate system. The R-CS established by OBB method based on PCA will not change 
even with the shift of location and angle. It is extremely suitable to establish the relative coordinate 
system for a single tooth. 

In most cases, the system automatically will establish the D-CS after the 3D model is imported into 
the software, and all operations are based on coordinates in this coordinate system. But the coordinate 
system is always not what we want to process the dental models in. The establishment of proper 
systems is very important. The relationships of different systems were calculated to reset the 
coordinate systems and unify the D-CS, A-CS and R-CS.  

Normally, the matrices and the vectors are always used to calculate rotations and translations 
respectively. However, the transformation matrix can make rotate and translate simultaneously. And 
the coordinates in other coordinate systems are calculated when the coordinates in one coordinate 
system are known by the transformation matrices. The transformation matrix provides a possible way 
to express the relationships and reset the coordinate systems. 

3. Results and Discussion 

3.1 A-CS for Whole Teeth 

To facilitate the operations, the mesial adjacent points of the two central incisors (number 31 and 41, 
set as 𝑨(a , a , a )) and the distal buccal apex of the bilateral first molars (number 46 and 36, set as 
𝑩(b , b , b ) and 𝑪) of the lower jaw were easily selected to form a plane (Figure 2(a)). The midpoint 
of the three points was selected as the coordinate origin 𝑶(0,0,0) to establish the A-CS of the whole 
teeth. The vector direction from the origin 𝑂 to the mesial adjacent point of the two mandibular 
central incisors (number 31 and 41) was set as the positive direction of the 𝒀-axis. The normal vector 
of the plane was calculated as 𝒁-axis direction by vector product, and the direction from the midpoint 
to maxilla was defined as the positive direction of the 𝒁-axis. The vector product was used to 
calculate the positive 𝑿-axis direction by using the positive direction of the 𝒀-axis and 𝒁-axis. In 
the whole teeth model, the positive direction of the 𝑿-axis was from the midpoint to the labial side. 
The axes of  𝑿, 𝒀  and 𝒁  were established an A-CS by the rules of the right-handed Cartesian 
coordinate system. The unit positive direction vectors  𝒊, 𝒋, 𝒌  of 𝑿, 𝒀, 𝒁  were calculated by the 
following equations. 
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Figure 2. Diagram of the A-CS and the three-view drawing of the whole teeth model. (a) The 

original point and coordinate axes were ensured by three easily chosen feature points of the model. 
A three-view drawing of the whole teeth model including (b) front view, (c) side view and (d) top 

view. 
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The A-CS of the whole teeth model, played an important role in 3D digital models processing, was 
used as a reference system of every single tooth. As a consequence, the character of the A-CS 
remained unchanged in every tooth processing was equal to the world coordinate system in the whole 
teeth model. Furthermore, the A-CS determined the three-view drawing of the teeth model to facilitate 
the observations in all directions. The perspective facing the positive direction of Y-axis was the front 
view (Figure 2(b)), X-axis was the side view (Figure 2(c)), and Z-axis was the top view (Figure 2(d)). 
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If operators needed to observe the model on both sides, it met the requirement by viewing models 
facing both the positive and negative directions of the coordinate axis respectively. For operators, 
three-view was used to provide the convenient observation of the overall situation of the whole 3D 
teeth model. 

3.2 R-CS for Single Tooth 

To ensure independent operations of a single tooth, we calculated and established the R-CS for every 
tooth by the method of OBB based on the PCA. In the coordinate system, the 𝑛 points on the digital 
triangular mesh of a single tooth were chosen to find the most suitable orientations of the tooth. The 
covariances of the data points were calculated by Equation (4) to form the covariance matrix 𝐇 
(Equation (5)) to judge the degree of linear correlation between the three dimensions. The equation 
𝑐𝑜𝑣(𝑿, 𝒀) = 𝑐𝑜𝑣(𝒀, 𝑿) indicates that the covariance matrix is a real symmetric matrix. According 
to the equation 𝑐𝑜𝑣(𝑿, 𝑿) = 𝐷(𝑿), the principal diagonal elements of 𝐇 were the variances of the 
sample points in different dimensions. The larger the off-diagonal element value of 𝐇 is, the greater 
the correlation degree of the sample points is. The directions of the OBB of a single tooth are highly 
relevant to the main components of the covariance matrix. As a result, the main diagonal elements of 
the covariance matrix are required to be larger, while the other elements are desired to be smaller. 
Using the similar diagonalization of the covariance matrix 𝐇 to reduce all the off-diagonal elements 
to zero. The orthogonal matrix 𝐐 existed in that 𝐇 was a real symmetric matrix. The eigenvalues 
of matrix 𝐇  sorted from large to small formed the diagonal matrix 𝚲  and the eigenvectors 
corresponding to the eigenvalues formed the rows of the orthogonal matrix 𝐐. Then the relationship 
𝐇 = 𝐐𝚲𝐐𝐓of 𝐇 and 𝐐 was calculated by the diagonal matrix 𝚲 after similar diagonalization. And 
each row of the orthogonal matrix 𝐐 was utilized as an optimal direction of the OBB. The three 
vectors formed the three coordinate-axis-direction vectors of the R-CS of a single tooth. The unit axis 
vectors 𝒆𝟏, 𝒆𝟐, 𝒆𝟑  of R-CS were obtained by unitization. Equation (6) was used to respectively 
calculate projections Pro  of each 𝑷𝒊(𝑥 , 𝑦 , 𝑧 ) (𝑖 = 1,2, ⋯ 𝑛) of 𝑛 points in the three unit-axis 
vectors 𝒆𝒋 (𝑗 = 1, 2, 3). The length of the projection is either positive or negative, indicating that the 
projection is in the positive or negative direction of the coordinate axis. Equation (7) was used to 
calculate the average values of the three components of all sample points of a single tooth, so the 
central point in OBB of a single tooth was obtained as the origin 𝑜 of the R-CS.  

 

cov(𝑿, 𝒀) = E[𝑿 − E(𝑿)][𝒀 − E(𝒀)] = E(𝑿𝒀) − 𝐄(𝑿)𝐄(𝒀)              (4) 
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cov(𝐘, 𝐗) cov(𝐘, 𝐘) cov(𝐘, 𝐙)

cov(𝐙, 𝐗) cov(𝐙, 𝐘) cov(𝐙, 𝐙)
                         (5) 

 

   𝑃𝑟𝑜 = |𝑶𝑷𝒊| cos 𝛽 = 𝑶𝑷𝒊 ∙ 𝒆𝒋       (𝑖 = 1,2, ⋯ 𝑛;  𝑗 = 1, 2, 3)             (6) 
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∑

,
∑

,
∑

 (𝑖 = 1,2, ⋯ 𝑛)                         (7) 

 

Three coordinate axes 𝒆𝟏, 𝒆𝟐, 𝒆𝟑 and the origin 𝑜 were used to establish the R-CS of a single tooth 
on the basis of right-handed Cartesian coordinate system rules. Figure 3 shows the R-CSs of different 
teeth of the lower jaw model in the 3D triangular digital grid. The establishment of R-CS suggests 
that every single tooth in the whole teeth model could be operated independently, which effectively 
avoided the interferences of other parts of the model excluding the chosen tooth.  
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Figure 3. The R-CS of different teeth of the lower jaw model in the 3D triangular digital grid. The 

purple axis is the X-axis, the green axis is Y-axis and the blue axis is Z-axis of the coordinate 
system. The right color code shows the Z-axis projection of the position in the model. (a) The A-CS 
of the whole model and the R-CSs in different teeth consist of tooth positions: (b) 46, (c) 44 and (d) 

41. 

 

Once a selected tooth was rotated, the coordinate of every point on the digital tooth changed in the 
world coordinate system. However, the relative position of each point was unchanged relative to the 
tooth itself. This made it very complicated to explore the geometric motions of the teeth in a single-
step operation. Especially in the process of multiple operations on a single tooth, it became very 
difficult to analyze the correspondences between the step-by-step operation and the final 
comprehensive operations. It was essentially an irreconcilable contradiction between the coordinate 
always changed in the multi-step model operations and the expectation of unchanged relative 
relationships in the divided manipulation in the world system. Therefore, it was eager to have an 
intuitive quantity to better reflect the relative positional relationship of each point in a single tooth 
model. In the R-CS, both the location and the coordinate of a selected point remain the same during 
rotations and translations. 

Since the relative relationship between the R-CS and the single tooth kept unchanged whatever 
rotations and translations took place in the single tooth, the OBB method based on the PCA was 
selected to establish the R-CS. Then the rotations and the translations of a single tooth were operated 
in the coordinate system. 

3.3 Transformation between A-CS of the Whole Teeth and R-CS of a Single Tooth 

To realize the mutual conversion between systems, Equation (8)  was used to calculate the 
conversion between the A-CS of the whole teeth and the R-CS of a single tooth in the software D-
CS. [X Y Z ]  was the coordinate of a certain point 𝑷  in the coordinate system 𝛺 . 
[X Y Z ]  referred to the coordinate of point 𝑷  in the coordinate system 𝛺 . The 
transformation matrix of rotation and translation from the coordinate system 𝛺  to the coordinate 
system 𝛺  was [𝐑 𝑻], where 𝐑 was the unit orthogonal rotation matrix described the rotation 
relationship between the two coordinate systems and 𝑻 was the translation matrix described the 
position translation relationship between the two coordinate systems. The Equation (8) shows a 
matrix with three rows and 4 columns to finish the transformation among different systems. 

 

X
Y
Z

= [𝐑 𝑻]

X
Y
Z
1

=

r r r t

r r r t

r r r t

X
Y
Z
1

                    (8) 
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To calculate the rotation matrix 𝑅 between the two coordinate systems, the method of axis-angle 
was used to convert the axis and angle into a matrix. Owing to the reason that the other two axes 
would rotate synchronously when the rotation took place around one axis, the rotation was only 
calculated once in the Cartesian coordinate system. The unit rotation axis 𝑨𝒙𝒊𝒔 was calculated by 
Equation (9) with rotation from the unit vector 𝑵𝟏𝒁 = [X Y Z ]  of the 𝑍-axis on the 
coordinate system 𝛺  to the unit vector  𝑵𝟐𝒁 = [X Y Z ]  of the 𝑍-axis on the coordinate 
system 𝛺 .  

 

𝑨𝒙𝒊𝒔 =
𝑵𝟏𝒁×𝑵𝟐𝒁

|𝑵𝟏𝒁×𝑵𝟐𝒁|
 =

[ ]

( ) ( ) ( )
        (9) 

 

The rotation angle θ rotated counterclockwise around the axis between two coordinate systems, and 
it was calculated by Equation (10).  

 

θ = cos
𝑵𝟏𝒁∙𝑵𝟐𝒁

|𝑵𝟏𝒁||𝑵𝟐𝒁|
 = cos

  

 

           (10) 

 

The rotation matrix 𝑅 from the coordinate system 𝛺  to the coordinate system 𝛺  was calculated 
by Equation (11), where the three components of 𝑨𝒙𝒊𝒔 were recorded as X , Y , Z . 

 

𝐑 =

(1 − cos θ)X + cos θ       (1 − cos θ)X Y − Z sin θ (1 − cos θ)X Z + Y sin θ

(1 − cos θ)X Y + Z sin θ (1 − cos θ)Y + cos θ        (1 − cos θ) Y Z − X sin θ

(1 − cos θ)X Z − Y sin θ (1 − cos θ)Y Z + X sin θ (1 − cos θ)Z + cos θ        

(11) 

 

When the positions in a software system did not overlap before and after model segmentation, the D-
CS in the software of the whole dental model was 𝛺  with the origin coordinate 𝑶𝑫(0, 0, 0), and 
the D-CS of a single tooth operated independently in software was 𝛺  with different origin 
coordinate 𝑶𝑫 (X , Y , Z ) (see Figure 4). Set 𝛺  and  as the A-CS and original 

coordinate of the whole teeth. Similarly, 𝛺  and 𝑂 (X , Y , Z ) represents the R-CS and original 
coordinate of a single tooth. The translation matrix is 𝑻𝑶𝑨𝑶𝑹

= [X − X Y − Y Z − Z ] . 
After the unit rotation axis and rotation angle are calculated in Equation  (9, 10), the transformation 
matrix between the A-CS and R-CS can be calculated by Equation (8, 11). 

 

 
Figure 4. The diagram of all possible coordinate systems in 3D digital processing software 

including the automatically generated D-CS by models importing in software, the A-CS of the 
whole teeth and the R-CS of a single tooth in the 3D dental model. 
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3.4 The Transformation Matrix  

The two D-CSs in the whole model and the single tooth can coincide in a few 3D dental software on 
the market with 𝛺 = 𝛺 . The translation vector is 𝑻𝑶𝑫 𝑶𝑫

= [0 0 0]  in this situation, the 

transformation matrix [𝐑 𝑻] based on rotation and translation is simplified to 𝐑. However, to 
realize the independent operation of a single tooth, the conversion relationship must be calculated for 
the synchronous operation for the two non-overlapping D-CSs in many software. The translation 
vector from the coordinate system 𝛺  to the coordinate system 𝛺  is 𝑻𝑶𝑫𝑶𝑫

=

[X Y Z ] . To calculate rotation or coincide the two coordinate systems, the easiest way 
is to select the unit vector of a certain axis in two coordinate systems. Then the unit rotation axis is 

expressed by 𝑨𝒙𝒊𝒔 =
[ ]

, where 𝒁𝑶𝑫
= [0 0 1]  is the unit vector in 𝑍 -axis of 

coordinate system and 𝑵𝑶𝑫
= [X Y Z ]  is the unit vector in  𝒁-axis of the coordinate 

system 𝛺 . Simultaneously, the rotation angle  θ = cos Z  is calculated. The components of 
𝑨𝒙𝒊𝒔  are set as X , Y , Z . Equation (12)  calculates the transformation relationship by 
transformation matrix of any point 𝑃 between the coordinate [X Y Z ]  in the D-CS of the 
whole teeth and the coordinate [X Y Z ]  in the D-CS of a single tooth.  

 

   

X
Y
Z

=

⎣
⎢
⎢
⎢
⎢
⎡ 1 − X + Z 1 − X Y − Z sin θ 1 − X Z + Y sin θ X

1 − X Y + Z sin θ 1 − Y + Z 1 − Y Z − X sin θ Y

1 − X Z − Y sin θ 1 − Y Z + X sin θ 1 − Z + Z         Z
⎦
⎥
⎥
⎥
⎥
⎤

X
Y
Z

1

(12) 

 

The rotation axis and angle can get in a similar way. Additionally, the translation vector of the origin 
of the A-CS in the whole teeth and the R-CS in a single tooth is 𝑻𝑶𝑨𝑶𝑹

=

[X − X Y − Y Z − Z ] . Substitute these values into Equation (11, 12)  to get the 
transformation relationship between the A-CS of the whole teeth and the R-CS of the single tooth. 

3.5 Example of Multi-stage Operation of Teeth Model in the Coordinate Systems of A-CS and 
R-CS  

Long-term digital tooth operations and movements applied in medicine like orthodontics occur as a 
result of mechanical and biologic processes [32]. It divides rotations at a large angle and long 
distances in many stages to facilitate tooth adaptation and recovery. The angle at each stage was often 
less than 1.5 degrees in practice and the movement distance was less than 0.2 mm in each stage. We 
chose the digital teeth model of the lower jaw with the A-CS of the whole teeth and the R-CS of every 
single tooth in multiple stages. Though the Incisors, canines and molars have different morphologies, 
the method of the coordinate system establishment is well suitable in all teeth. And it provides the 
automatic way to establish the R-CS for every tooth. Then we operate the digital model to realize the 
visualization of the orthodontic process. Figure 5 shows the four different stages in the operations by 
using the two different coordinate systems. The result shows that the coordinate systems of A-CS and 
R-CS are convenient to easily calculate the relationships based on rotations and translations, as well 
as operate the digital model independently. The digital teeth models operated in the software are 
finally used to manufacture by 3D printing as templates to produce transparent braces. 
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Figure 5. The digital models in orthodontic virtual treatment and 3D printing physical models in 

four stages of teeth operations, which are based on rotations and translations correspondingly. The 
green part indicates the initial dental model and the white part shows the condition of the teeth 

model after the operation in the stage. The stages contain (a) the initial teeth model, (b) stage nine, 
(c) stage 28 and (d) stage 31. 

4. Conclusion 

In this work, the method of selecting three available feature points in the whole teeth to calculate the 
three coordinate axes by vector product and the midpoint is easy to implement and universal to various 
teeth models. The A-CS, established by three positive directions axes based on the practical operation 
rule and the midpoint, is the reference system to judge the situation of every single tooth and decides 
the multiple views facing different axes to observe the model. For a single tooth, the coordinate 
changes when it rotates and translates in the A-CS, while the relative position of each point is 
unchanged relative to the tooth itself. To solve the problem, the R-CS of every single tooth is 
established by the three automatically generated axes with the method of OBB based on the PCA and 
the midpoint of all points on the digital triangle mesh. The R-CS makes every single tooth 
independently operate and analyze into reality, and avoids the interferences of other parts of the model. 
It is R-CS that solves the problem successfully. The combination of the A-CS and R-CS provides a 
feasible way to operate the part of a model independently and judge its situation in an unchanged 
coordinate system. The axes of two types of coordinate systems are used to calculate the mutual 
transformation, which realizes the unification of different coordinate systems. A transformation 
matrix of three rows and four columns implements rotation and translation simultaneously in different 
coordinates or coordinate systems. It replaces the traditional calculation way that a matrix control 
rotation and a vector control translation, which provides a more intuitive way to characterize the 
single-stage operation. One operation corresponded to a conversion matrix using this matrix to 
calculate tooth operations is of great significance for multiple and staged model operations. 
According to the characteristics of the Cartesian coordinate system, it is convenient that the rotation 
matrix is calculated by the axis-angle method when the initial and final coordinates or one of the 
coordinate axes has been known. The detailed calculation of digital teeth models is given to calibrate 
and quantify operations in a more appropriate way. Potential applications of the detailed calculations 
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include multiple stages digital teeth models operations and the design of software of more intuitive 
calibration and quantitative operations. 
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