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Abstract 

This paper shows: First, show the behaviour of the equation f(x)=ax(1-x) when ‘a’ 
belongs to dif-ferent sub-intervals in [0,4], and see the sequence Un+1=aUn(1-Un) Second, 
give the proof of Sharkovskii’s theorem, which is if a continuous function has a 3-cycles 
in a given interval, then there must be an n-cycles in this interval for any natural number 
n>0. Third, focus on n-cycles fn(x0)=x0 with cycles x0, x1,…, xn-1 and prove that D 
fn(xk)=f’(x0)f’(x1)…f’(xn-1) for any k in {1,2,…,n-1}. Finally, this paper shows the proof of 
the Coppel theorem for the sequence given by Un+1=f(un), that is, if the function f is 
continuous and bounded and has no 2-cycles, then the sequence must converge to a fixed 
point in the do-main. 
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1. Introduction 

Logistic equation was first introduced by mathematical biologist Pierre -Francois Verhulst in 1839. 

[1]  

The equation f(x)=ax(1-x) can be used to form a sequence Un+1=aUn(1-Un), but in order to assure Un > 

0 regardless of the initial condition, we can assume a ∈ [0,4]. Sharkovskii’s theorem is an extension 

from the logistic equation with cycles. And Coppel theorem is the form of logistic equation but its 

right-hand side is some arbitrary continuous function ‘f’, which means the theorem focus on the 

equation Un+1=f(un). 

2. Behavior of the equation f(x)=ax(1-x), a ∈ [0,4] 

The conclusion of the sequence will be given without the proof.  

CONCLUSION 

When a belongs to (0,1), the sequence converges to 0. 

When a belongs to (1,3), it converges to L. [2] 

A fixed point of ‘f’ is a point x0 such that f(x0)=x0. 

There are two fixed points, 0 and 1-1/a, we use L to represent 1-1/a. 

When a is greater than 3, the sequence converges to cycles when a is close to 3, and tends to chaos 

when a tends to 4. 

3. Sharkovskii’s theorem 

Before this theorem is proved, there are some lemmas that are useful. There is not proof of lemma 1 

and 2 in this paper, but lemma 3 is proved. 

3.1 Lemma 1: 

Suppose a function f: I → I is continuous. Suppose J = [a,b] ⊂ I. 
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If f(J) ⊃ J, then there exists a fixed point x0 ∈J 

3.2 Lemma 2: 

Suppose a function f: I → I is continuous. Suppose J1, J2 are two closed intervals on I. If f(J1) ⊃ J2, 

then there exists an interval K ⊂ J1, such that f(K) = J2  

3.3 Lemma 3: 

Suppose a function f: I → I is continuous. Suppose J0, J1,…, Jn-1 are  

n closed intervals on I. If f(J0) ⊃ J1, f(J1) ⊃ J2,…, f(Jn-2) ⊃ Jn-1, f(Jn-1) ⊃ J0, then there exists x0 ∈I, 

such that fn(x0)=x0, and fi(x0) ∈ Ji for each i ∈ {1,2,…,n-1} [3]. 

Proof: 

Given that f(Jn-1) ⊃ J0, using Lemma 2, there exists an interval Kn-1 ⊂Jn-1 (#n-1) such that f(Kn-1)=J0. 

Because f(Jn-2) ⊃ f(Jn-1) and (#n-1), f(Jn-2) ⊃ Kn-1.  

So there is an interval Kn-2 ⊂ Jn-2 (#n-2) such that f(Kn-2) = Kn-1 by Lemma 2. 

Repeat this process until f(J0) ⊃ f(J1), and the interval K0 ⊂ J0 such that f(K0) = K1 

So there are 

f(K0) = K1           K0 ⊂ J0    (*) 

f(K1) = K2           K1 ⊂ J1 

f(K2) = K3           K2 ⊂ J2 

… 

f(Kn-2) = Kn-1    Kn-2 ⊂ Jn-2        

f(Kn-1) = J0     Kn-1 ⊂ Jn-1 

Combine these equations,  

fn(K0) = J0 ⊃ K0, by (*), which is fn(K0) ⊃ K0  

Therefore, by Lemma 1, there is a fixed point x0 ∈ K0, which means  

fn(x0) = x0 and fi(x0) ∈ fi(K0) ∈ Ji 

End of proof 

Now prove the Sharkovskii’s theorem: If a continuous function has a 3-cycles in a given interval, 

then there must be an n-cycles in this interval for any natural number n>0. [4] 

Suppose the 3-cycles is a, b, c, which means f(a) = b, f(b) = c, f(c) = a. We adjust the order of these 

points by making them a<b<c, or a>b>c. The case a<b<c will be proved, and the other case can be 

proved in a similar way. 

Suppose f: I → I is continuous, and [a,c] ⊂ I.  

Suppose J = [a,b], K = [b,c]. So f(J) ⊃ K, and f(K) ⊃ [a,c] = J ∪ K (&) 

First, if n=1, by (&), f(K) ⊃ K, based on Lemma 1, there exists a fixed point in K, which can be called 

a 1-cycle. 

Second, if n=2, by (&), f(K) ⊃ J, f(J) ⊃ K. In Lemma 3, suppose J0 = K, J1 =J. So there exists x0 ∈ 

K0 ⊂ J0 = K = [b,c], such that f2(x0) = x0 , and f(x0) ∈ J1 = J = [a,b]. 

Suppose f(x0) = t.  So x0, t is a 2-cycles if an only if x0 is not equal to t. Prove this by looking for a 

contradiction. 

Assume x0=t, it is already proved that x0 ∈ [b,c] and t ∈ [a,b], by assumption there is only one case 

that x0=t=b. But f(b) = c because a,b,c is a 3-cycles, there is a contradiction with x0=t, so x0 is not 

equal to t. 

Third, if n=3, use lemma 3. 
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Define (n-1) intervals I0 = I1 = … = In-2 = K = [b,c],and In-1 = J = [a,b] 

f(Ij) = f(K) ⊃ K = Ij+1 for j = 0,1,…,n-3 

f(In-2) = f(K) ⊃ [a,c] = J ∪ K ⊃ J = In-1 by (&) 

f(In-1) = f(J) ⊃ K = I0 

So by lemma 3, there exists x0 ∈ K0 ( in lemma 3 ) ⊂ I0 =[b,c], such that 

fn(x0) = x0 and fj(x0) ∈ Ij for any j in {0,1,2,…,n-1} 

Also we have to prove that n is the shortest period, i.e. there is no repetition in this n-cycle. Like the 

second part, prove this by contradiction. 

Suppose n is not the shortest period, there must be some element 

u ∈ {x0, f(x0),…,fn-2(x0)} such that fn-1(x0) = u ($) 

Since fj(x0) ∈ Ij for any j in {0,1,2,…,n-1}, fn-1(x0) ∈ In-1 = [a,b]. Also u ∈ Im for some m in 

{0,1,…,n-2. These intervals are the same, which means  

u ∈ [b,c]. 

By ($), the only case is fn-1(x0) = u = b. In that way  

x0 = fn(x0) = f(b) = c, and f(x0) = f(c) = a does not belong to [b,c], which contradicts fj(x0) ∈ Ij for 

any j in {0,1,2,…,n-1}. So there is no repetition in this cycle. 

End of proof 

4. Derivative of fn(xk) 

Conclusion: Suppose x0, x1,…, xn-1 is an n-cycles of the function f(x). The derivative D 

fn(xk)=f’(x0)f’(x1)…f’(xn-1) for any k in {1,2,…,n-1} 

Proof: Define F(x) = fn(x) There is  

F(x0) = fn(x0) = x0  

F(x1) = f(fn(x0)) = f(x0) = x1 

… 

F(xn-1) = fn(xn-1) = xn-1 

So (x0,F(x0) ), ( x1,F(x1). ),…, ( xn-1, F(xn-1) ) are all fixed points in F(x) 

First, focus on DF(x0) 

F’(x0) = [ fn(x0)]’ = [ f(fn-1(x0)) ]’  

Notice that fn-1(x0) = xn-1 By the rule of derivative of composite functions,  

F’(x0) = f’(xn-1)*(xn-1)’ = f’(xn-1)*(fn-1(x0)) =  f’(xn-1)*(f(fn-2(x0))’  =  f’(xn-1)*(f(xn-2))’ =  f’(xn-1)* 

f’(xn-2)*(xn-2)’ = … = f’(x0)f’(x1)…f’(xn-1)  

Second, look at DF(x1), it is in a similar way 

F’(x1) = (fn(x1))’ = [f(fn-1(x1))]’  

Notice that fn-1(x1) = x0 and by rule of derivative of composite functions,  

F’(x1) = f’(x0)*(fn-1(x1))’ =  f’(x0)*[f(fn-2(x1)]’ = f’(x0)*f’(xn-1)*…*f’(x1) = F’(x0) 

Third for any k in {1,2,…,n-1}, there is a similar way of calculating  

D fn(xk), and they are all the same. 

Therefore, the derivative D fn(xk)=f’(x0)f’(x1)…f’(xn-1) for any k in {1,2,…,n-1} 

End of proof 

5. Coppel theorem and its proof 

Before the proof of the Coppel theorem, there is a preliminary theorem that is useful for the proof. 
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5.1 Preliminary theorem: 

Given a continuous function f: [a,b] → [a,b] and a sequence Un+1=f(un). If f has no 2-cycles, then for 

any c ∈ [a,b] and a natural number n>0, fn(c) >,<,= c is according f(c) >,<,= c 

Prove this theorem by induction: 

First: When n = 1, this theorem holds obviously. 

Second: Assume this theorem holds when n ≤ m, with m>0 a natural number. That is, if f has no 2-

cycles, then for any c ∈ [a,b], fm(c) >,<,= c is according f(c) >,<,= c 

Third: Look for the case n = m+1 

Firstly prove that if fm+1(c) = c, then f(c) = c. Try to look for a contradiction if f(c) > or < c. 

Suppose fm+1(c) = c (^) 

a) Suppose f(c) > c (&). There is fm(c) > c by induction hypothesis. Next prove d < f(c) under this 

case. 

Assume d = fm(c) = fm-1(f(c)) ≥ f(c) (!) and then look for a contradiction. 

By (!), fm-1(f(c)) ≥ f(c), 

so f(f(c)) ≥ f(c) by induction hypothesis in the second step. 

Also use this step, fm(f(c)) ≥ f(c). 

By (^), fm+1(c) = c, so c ≥ f(c). 

This contradicts to (&).  

So d < f(c). 

Next try to find a contradiction to disprove (&). 

It is already known that d< f(c) , d = fm(c) > c by induction hypothesis, and f(d) = fm+1(c)  = c 

So f(c) - d > 0, and f(d) - d < 0 

Because f is a continuous function, there must be at least one point in [c,d] satisfying f(x) = d. Choose 

the closest point to c and name it e with e ∈ [c,d] 

There is f(e) = d and f(c) > d  

and in the interval (c,e) , f(x) > d > x. (1) 

Notice that f(f(c)) > c since f(c) > c and by induction hypothesis,   

And f(f(e)) = f(d) = fm+1(c) = c < e 

Because f is continuous on (c,e), there must be at least one point satisfying f(f(x)) = x, but in this 

region f(x) > x by (1), so f(f(x)) can not be equal to x by induction hypothesis. It contradicts to (1). 

Therefore the whole assumption is inproper.  

Thus, the case f(c) > c cannot be true. 

Besides, the case f(c) < c is similar to f(c) > c and it cannot be true as well.  

Therefore, f(c) = c. 

Secondly prove fm+1(c) >,< c is according f(c) >,< c 

The proof of: If fm+1(c) < c, then f(c) < c. I assume f(c) > c is covered in this paper and the other cases 

can be proved in a similar way. 

Suppose f(c) > c. Then fm(c) > c by induction hypothesis.  

Because f: [a,b] → [a,b], fm+1(a) ≥ a. With fm+1(c) < c, there must be some point satisfying fm+1(x) = 

x. Choose the closest one to c and name it d. So in the interval (d,c] fm+1(x) < x (2) 

It is proved that if fm+1(x) = x, then f(x) = x. And by induction hypothesis, fm(x) = x. So f(d) = d and 

f(x) > x, (3) in the interval (d,c] because there is no more point satisfying f(x) = x, f is continuous and 

f(c) >c. 

So far, there are f(d) = d, f(c) >c, so there must be some point e in (d,c) such that f(e) ∈ (d,c). 
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Using (3), f(e) > e, f(f(e))>f(e) 

So by induction hypothesis, fm(f(e)) > f(e) >e, which means fm+1(e) > e. It contradicts (2). So the 

assumption is not true.  

Therefore, f(c) < c. 

The case if fm+1(c) > c, then f(c) > c can be proved in a similar way. 

End of proof 

5.2 Coppel theorem:  

Given a sequence Un+1=f(un), if the function f: [a,b] → [a,b] continuous and has no 2-cycles, then the 

sequence must converge to a fixed point in the domain. [5] 

Proof:  

a) If un is monotone, either increasing and decreasing, by the monotone convergence principle, it 

converges to some point L,  and the right and left side of the equation Un+1=f(un)  should be the 

same. So L = f(L), which means L is a fixed point. 

b) If un is not monotone, there is infinite amount of n,m, such that Un+1 > Un and Um+1 < Um. 

Establish two new sequences  

an = Un1, Un2, Un3,… 

bn = Um1, Um2, Um3,…  

Then it can be proved that an is monotone increasing: 

Suppose two neighboring terms of an is fk(Un1), f
p(Un1) 

There is f(fk(Un1)) > fk(Un1) (4) ,  fp(Un1) = fp-k(fk(Un1)) 

Combine (4) with preliminary theorem, there is fp-k(fk(Un1)) > fk(Un1), which means  fp(Un1) > fk(Un1). 

Therefore, an is monotone increasing 

For the same reason, bn is monotone decreasing. Assume an takes p as its limit, bn takes q as its limit. 

There will be some point that p = f(q), and q = f(p) since there are no 2-cycles, p = f2(p) and by 

preliminary theorem, f(p) = p is a fixed point. 

6. Conclusion 

The behavior of logistic equation is given in this paper, together with three lemmas to prove 

Sharkovskii’s theorem, and the Coppel’s theorem’s proof using the preliminary theorem. All of them 

are the simplest in their theorem and there are more about them in other papers. 
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