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Abstract 

In the dynamic problem of crane, the coupling vibration of girder is paid more and more 
attention. At present, the vector form intrinsic finite element theory has been applied to 
the analysis of the dynamic problems in the building field. In this paper, the dynamic 
equations of the lifting-trolley-girder coupling system are established and solved. Then, 
the model of the coupling system is established and analyzed based on the vector form 
intrinsic finite element theory of bar element and beam element. The effects of the 
trolley speed, the trolley acceleration, the lifting speed, and the initial swing Angle of the 
lifting load on the vibration of the girder and the pendulum of the lifting load are studied. 
This paper provides a theoretical basis for the system motion of crane trolley under 
operating conditions and explores the application of Vector Form Intrinsic Finite 
Element method in the field of crane dynamics. 
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1. Introduction 

In order for the cargo to be transported between the dock and the ship, the crane needs to lift the cargo. 

Then the trolley lifts the cargo and moves on the girder, and finally places the cargo in the designated 

position. In this process, the running of the trolley will lead to bending deformation and vibration of 

the girder, and the vibration of the girder will affect the trolley in turn, and the yaw of the lifting load 

will also affect the structure. The vibration of the trolley, the pendulum of the lifting load and other 

factors will affect the working efficiency and operation safety of the crane, so it is necessary to 

analyze the coupling action system of the lifting-trolley-girder. 

Vitaly et al. [1] established the model of the load-car-girder system through MATMAB Simulink. 

Liu et al. [2] considered the load application form of the biaxial trolley, decomposed the mass of the 

trolley into two concentrated forces on the front and rear wheels, and took into account the variable 

acceleration motion of the trolley. M.A. et al [3]. studied the influence of underwater moving load 

caused by waves on crane barges. Chen et al. [4] considered the height of the car and took the point 

of the center of mass of the car as the analysis point. Amirouche et al. [5] analyzed Timoshenko 

cantilever beams under the action of moving mass. Wu et al. [6] established the trolley - hook - load 

lifting model and drew two steel wire ropes from the hook to restrain the lifting load. L.A. et al. [7] 

studied the vibration of N-link on a movable trolley. M.S. et al. [8] used various methods to analyze 

the vibration reduction effect of lifting weight in the moving process of the trolley. M et al. [9]  

analyzed the anti-pendulum system of high freedom ship crane. Ye et al. [10] proposed a new DP 

method to ensure the stability of the system. 

Finite element method, based on variational principle and continuum mechanics, is the most widely 

used numerical analysis method at present. However, when the problem to be analyzed involves large 
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rotation or large deformation, the finite element method will encounter inherent difficulties due to 

theoretical limitations. With the continuous application of vector form intrinsic finite element (VFIFE) 

method in construction, bridge and other fields, how to apply the VFIFE method in the dynamic 

analysis of hoisting machinery is a subject worthy of research [11]. 

Qin et al. [12] established the suspension cable structure based on the vector finite element bar 

element theory and used the central difference method to solve the motion equation of spatial points. 

Shi et al. [13] established a vehicle model without considering the wheel effect and considering the 

wheel effect and analyzed the vehicle-rail-bridge model based on the vector finite element. Wang et 

al. [14] established a vehicle model with truss structure by using vector finite element method and 

simulated the derailment carriage movement. 

To sum up, based on the dynamic theory and the VFIFE theory, this paper analyzes the coupling 

problem of the girder of the crane, and studies the influence of factors such as the speed of the trolley, 

the acceleration of the trolley and the lifting speed on the deflection of the girder and the pendulum 

of the lifting weight. 

 

Figure 1. Schematic diagram of crane girder 

 

2. Establishment of the coupling dynamic equation  

The girder of the crane is shown in Figure 1. The mass of the trolley is , the mass of the lifting 

weight is , the mass of the girder unit length is , and the length of the girder is . To simplify 

the representation, let's assume that , . Assume that the trolley moves on the 

beam and maintains contact at all times, the deflection of the beam is  and the horizontal 

position of the trolley is . The speed of the trolley and the lifting weight are respectively: 

                            (1) 

                     (2) 

The modal superposition method is used to transform the coordinates. The kinetic energy and 

potential energy of the load-trolley-girder coupling system are respectively: 

        (3) 

    (4) 
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The kinetic energy and potential energy are substituted into the Lagrange equation. Since the 

pendulum Angle of the lifting load is small, , , and the influence of higher-order 

differential terms is ignored. The coupling dynamic equations of the system are: 

      (5) 

         (6) 

             (7) 

    (8) 

In Equations (5) and (7),  is the force of the trolley, and  is the tension of the wire rope. The 

dynamic equation in matrix form is . By changing the equation into matrix 

form, we can get: 

              (9) 

     (10) 

            (11) 

                (12) 
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In Equations (9) and (10), , ,

. The system of ordinary differential equations 

with variable coefficients is solved by using  method. 

3. Theoretical analysis of VFIFE 

In the vector form intrinsic finite element, there are two types: bar element and beam element. The 

nodes connected by bar element move under the action of force, while the nodes connected by beam 

element move and rotate under the action of force and bending moment. 

3.1 Theory of bar element and beam element  

Assuming that the element length at the initial time is  and the length at time  is , then the 

internal forces on nodes  and  at both ends of the element are: 

                     (13) 

In Equation (13), the direction of the internal force is consistent with the direction of the element.  

is the axial stress of the element at the moment of , and  is the cross-sectional area of the 

structure corresponding to the position of the element. If there is a node connected to multiple units, 

the internal force of the node is the resultant force of the internal forces of each element. Node  will 

move with time under the action of force. Set the position matrix , external force 

matrix  and internal force matrix  of the node, then the motion 

formula of the node is: 

                             (14) 

The beam element differs from the bar element in that the Angle of rotation of the node needs to be 

considered. Based on the virtual inverse motion theory in the vector finite element [15], the internal 

force of the element in the virtual displacement is , the transformation matrix is 

, and the rotation matrix of forward rotation is , then the formula of the node internal force of 

the beam element is: 

                               (15) 

The node motion formula of the beam element is the same as that of the bar element. It only needs to 

add the rotation Angle into the position matrix and the bending moment into the external force and 

internal force matrix of Equation (14). The central difference method is used to solve the motion 

formula. If the time step is , the force  on node  at the moment of  is , then the 

difference formula is: 

                      (16) 

Where  in Equation (16), if , the displacement value of step -1 which 

does not exist is required to be solved. The node displacements of step -1 and step 1 are expressed as: 

                     (17) 
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On this basis, the problem can be solved after the initial conditions and time steps are input by 

programming.  is the average length of the bar connected to the node, and  is the propagation 

speed of the axial force wave in the straight bar. An appropriate time step is estimated as: 

                             (18) 

 

 

Figure 2. Schematic diagram of crane structure point value description 

 

3.2 Point value description of crane girder 

As shown in Figure 2, the mass of the girder is represented by  node, and the trolley and the lifting 

weight are respectively represented by one node. There are altogether  nodes. Because the 

elastic expansion of the steel wire rope connecting the trolley and the lifting weight is not considered, 

the trolley and the lifting weight are constructed by the bar element, and the girder is constructed by 

the beam element. 

In the process of running, the trolley will go through three stages: starting, uniform motion and 

braking. For the convenience of analysis, take the trolley to accelerate between node 1 and 2 and 

decelerate between node  and , and the length of each section of beam element on the girder 

can be obtained: 

                   (19) 

Where  is the acceleration of the trolley, and  is the time taken for the trolley to accelerate from 

rest to the maximum running speed. The mass and moment of inertia of each node on the girder are: 

                    (20) 

                                (21) 

The mass of node  and node  are respectively the mass of the trolley  and the mass 

of the lifting weight , and the length  of the bar element between nodes is the length of the 

steel wire rope that changes with time. As shown in Figure 3, in order to show the length of the steel 

wire rope changing with time, the lifting weight is set to carry out the displacement along the direction 

of the steel wire rope on the basis of the existing displacement at each moment, so as to simulate the 

influence of the lifting action. In order to obtain the direction of the wire rope at each moment, it is 

necessary to calculate the swing Angle of the wire rope in the iterative process. Within each time step, 

the length of the wire rope varies , and  can be decomposed into the position of the lifting 

weight along the horizontal and vertical directions. 
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Figure 3. Variation of lifting position under lifting action 

 

4. Example analysis 

Select a type of gantry crane girder for analysis. Set gravity acceleration , trolley mass 

, rated lifting weight , , , 

length , unit length mass , the initial rope length , the 

shortest rope length .The girder is described by 11 nodes, and the system has 13 nodes in 

total. 

Assuming that the trolley moves at a constant speed of  and the lifting speed is , 

the obtained deflection changes of each point on the girder and the changes of the swing Angle of the 

lifting load are shown in Figure 4. In the process of moving the trolley, the deflection of the midpoint 

position of the girder changes the most, and the swing Angle of the lifting load changes with the 

change of the length of the rope. The shorter the length of the rope, the smaller the amplitude of the 

swing Angle. 

   

(a)                                         (b) 

Figure 4. Deflection of the girder and swing Angle of the lifting load under uniform motion of the 

trolley 

 

The vehicle acceleration , acceleration time , lifting mass  

and lifting speed  are taken to analyze the influence of different initial swing angles 

of the lifting weight on the results. The results obtained from theoretical analysis and vector finite 

element analysis are shown in Figure 5, where Figure 5(a) shows the deflection changes of the 

midpoint of the girder at the initial swing Angle of the lifting load. According to the single pendulum 

theory of variable pendulum length, the pendulum Angle of the lifting weight will decrease as the 

length of the pendulum becomes smaller. In this case, the pendulum Angle of the lifting weight 

changes greatly in the beginning and the end period, which is due to the acceleration action during 
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the starting and braking of the trolley. Under the action of acceleration, different initial swing angles 

of the lifting weight also have a certain influence on the change of swing Angle. Appropriate initial 

swing Angle can reduce the swing amplitude of the lifting load in the process of trolley running. The 

deflection of the midpoint of the girder is shown in Table 1. It can be seen that the initial small swing 

Angle has no obvious influence on the deflection of the girder. 

    

(a)                                         (b) 

   

(c)                                        (d) 

Figure 5. Deflection of girder and swing Angle of lifting load under variable speed motion of trolley 

 

Table 1. Comparison of maximum midpoint deflections of girder under the action of lifting loads 

with different initial swing angles 

Initial Angle Theory VFIFE Error 

0.05 rad 0.028293 m 0.028051 m 0.86% 

0 rad 0.028306 m 0.028051 m 0.90% 
-0.05 rad 0.028299 m 0.028051 m 0.88% 

 

The influence of different vehicle accelerations on the swing Angle is analyzed, and the results are 

shown in Figure 6. In Figure 6(a), (b) and (c), the acceleration of the trolley is ,  

and  respectively, and the maximum velocity of the trolley is . It can be seen from 

the results that according to the size and direction of the swing Angle of the lifting load, the influence 

of the acceleration of the trolley on the change of the swing Angle is also different. When the initial 

swing Angle is  and , the larger the acceleration is, the larger the swing Angle changes. 

When the initial pendulum Angle is , the amplitude of swing Angle change is the largest 

when the acceleration is , and the amplitude of swing Angle change is the least when the 
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acceleration is . The different reasons are the different acceleration of the trolley and the 

different direction of the initial swing Angle of the lifting weight and the acceleration of the trolley. 

Therefore, in the actual work process, the appropriate acceleration of the trolley should be selected 

according to the specific situation. Comprehensive comparison can be made if the initial swing Angle 

of the lifting weight is negative, that is, when the direction of acceleration is opposite to that of the 

trolley, the yaw degree of the lifting weight is small. 

   

(a)                                         (b) 

 

(c) 

Figure 6. Changes of pendulum Angle of lifting load under the action of trolleys with different 

accelerations 

 

 

Figure 7. Changes of midpoint deflection of girder under different lifting weights 
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The initial swing Angle of the lifting weight is , the acceleration time of the trolley is 

, and the acceleration time is . The influence of different lifting weights on the 

deflection of the girder is analyzed. The analysis results are shown in Figure 7. Table 2 is the 

comparison of the maximum deflection changes at the midpoint of the girder. The results show that 

the larger the lifting mass is, the larger the deflection of the beam will be. Therefore, in order to ensure 

safety, the quality of the lifting weight should be controlled within the rated lifting weight of the crane. 

 

Table 2. Comparison of maximum midpoint deflections of girders under the action of lifting loads 

with different masses 

Lifting Load Theory VFIFE Error 

20000 kg 0.021036 m 0.021142 m 0.50% 
30000 kg 0.024577 m 0.024544 m 0.13% 

40500 kg 0.028293 m 0.028051 m 0.86% 

 

The initial swing Angle of the lifting weight , the acceleration of the trolley  

and the lifting weight  were taken to analyze the influence of different lifting speeds 

on the swing Angle of the lifting weight and the deflection of the girder. The variation of the swing 

Angle of the lifting load is shown in Figure 8, and the maximum deflection of the midpoint of the 

girder is shown in Table 3.The results show that the lifting speed has little effect on the swing Angle 

and the deflection of the girder, which can be ignored. 

 

Figure 8. Changes of pendulum Angle of lifting load at different lifting speeds 

 

Table 3. Comparison of maximum midpoint deflections of girder under the action of different 

lifting speeds 

Lifting Speed Theory VFIFE Error 

0.2 m/s 0.028286 m 0.028051 m 0.83% 

0.3 m/s 0.028306 m 0.028051 m 0.90% 

0.4 m/s 0.028317 m 0.028051 m 0.94% 

 

The acceleration of the trolley , and the maximum speed  of the trolley running is 

,  and  respectively. The results are shown in Figure 9. In the traditional 

vehicle-bridge coupling problem without lifting load, the deflection of the beam will increase slightly 

with the increase of the trolley's running speed. It can be seen from Table 4 that this law is still 

applicable in the upper system of the crane where the yaw of lifting weight is considered. 
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(a)                                          (b) 

Figure 9. Changes of swing Angle and deflection under the action of trolleys with different 

maximum running speeds 

 

Table 4. Comparison of maximum midpoint deflections of girder under the action of different 

lifting speeds 

Travelling Speed Theory VFIFE Error 

0.5 m/s 0.028299 m 0.027876 m 1.49% 

0.8 m/s 0.028306 m 0.028051 m 0.90% 

1.0 m/s 0.028311 m 0.028286 m 0.09% 

 

5. Conclusion 

Based on the coupled dynamics and VFIFE theory, the coupling vibration of the crane girder is 

analyzed in this paper. Considering the starting and braking of the trolley, the height changes of the 

lifting weight and the yawing of the trolley, the effects of several parameters on the vibration of the 

structure are analyzed. It can be seen that the initial swing Angle of the lifting weight and the lifting 

velocity have little effect on the deflection of the girder. The influence of the vehicle running 

acceleration on the deflection and swing Angle of the girder is uncertain, which needs to be analyzed 

in combination with the actual situation. As the maximum speed of the trolley increases, the deflection 

of the girder will increase slightly. 

It can be seen that the theoretical analysis of the coupled motion system requires the establishment of 

complex multi-coefficient differential equations. By using the VFIFE method, the analysis of the 

system can be realized through programming after understanding the theoretical principle.  
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