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Abstract 

This template explains and demonstrates how to prepare your camera-ready paper for 
Tran. In this paper, the TREE method is used to establish the impedance calculation 
model of the E-core coil above the conductor plate with cylindrical through hole. This 
method divides the entire area into different partition interfaces, and uses the 
relationship between the partition interfaces to finally obtain the closed form 
expression of the E-core coil impedance. Introduced the Dichotomy-Newton method to 
solve non-complex zeros. In MATLAB, the E-core coil impedance is calculated under the 
excitation of alternating current with a frequency from 0.1KHz to 100KHz. The results 
show that with the increase of frequency, the existence of cylindrical through the hole 
makes the comparison between the real part of impedance and the non-porous 
conductor plate show small first, then large, and finally tend to be equal. At the same 
time, the analytical calculation results in MATLAB are consistent with the simulation 
calculation results using Maxwell finite element very good, verified the correctness of 
the algorithm. 

Keywords 
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1. Introduction 

The difference in the position of the magnetic core causes the impedance of the eddy current probe 

to change, and the magnetic core in the center has a better magnetization ability and improves the 

sensitivity of the coil to detect defects in the conductor plate [1-5]. For different magnetic core shapes, 

some scholars have proposed the truncated region characteristic equation expansion method (TREE), 

which can calculate important parameters such as the impedance of the magnetic core coil, the current 

density of the conductor plate, and the vector magnetic potential [6-9]. At the same time, this method 

can also be applied to the situation that there are defects on the surface of the conductor plate [10-12]. 

When applying the TREE method, it is very important to obtain the zero point in the specific function 

expression. The accuracy of the zero point directly affects the calculation result, Newton-Raphson 

The Newton-Raphson Method can be applied to find the complex zero point [13,14]. This paper 

establishes an impedance analytical calculation model for the coil with air-gap E core located on the 

through-hole conductor plate, and analyzes the influence of the through hole of the conductor plate 

and the magnetic core on the impedance component of the coil. The change of the impedance 

component is used to judge the defect of the conductor plate quantitatively. An important basis for 

evaluation. This paper also introduces the bisection-Newton method to solve non-complex zeros. 

Other documents have not conducted a separate analysis on the calculation of the E core coil for the 

cylindrical through-hole conductor plate and the non-complex zero point. 
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2. Theoretical Analysis 

Figure 1 depicts the air-gap E magnetic core coil located above the cylindrical through-hole conductor 

plate. Truncated region equation expansion method is applied. This method cuts the entire model into 

different areas. The Dirichlet boundary condition is used when the radius reaches a certain value. , 

Suppose the magnetic vector intensity in the radial direction is zero. The physical meaning is that 

when the radius reaches a certain value, the magnetic vector intensity 𝐴𝜑 is very small, which can 

be regarded as 0 under ideal conditions. 

 

 

Figure 1. The E core coil with air hole is located above the conductor plate with through hole 

 

Figure 2 describes the axisymmetric model of the E-core coil. The excitation is a sinusoidal current 

𝐼𝑒𝑗𝜔𝑡  applied to a single-turn coil. The coil is wound on the E core of relative permeability 𝜇𝑓 . The 

entire coil is located on a conductor plate with a cylindrical through hole. The size of the through hole 

is g, and the relative permeability 𝜇𝑟 and electrical conductivity of the conductor plate is 𝜎𝑟 , 

respectively. The TREE method cuts off the entire model into different regions, using Dirichlet 

boundary conditions when the radius reaches a certain value, set the magnetic vector strength in the 

radius direction to 0. The physical meaning is that when the radius reaches a certain value, the 

magnetic vector strength is very small, which can be regarded as 0 under ideal conditions. The entire 

axisymmetric model is divided into 6 layers. The problem of this model can be regarded as a typical 

boundary value and continuous electromagnetic field problem. Through the separation of variables 

method, the magnetic vector potential of different regions can be expressed by general mathematical 

expressions: 

𝐴(𝑟, 𝑧) = ∑  ∞
𝑖=1 [𝐴𝑖𝐽1(𝑞𝑖𝑟) + 𝐵𝑖𝑌1(𝑞𝑖𝑟)][𝐶𝑖𝑒

−𝑠𝑖𝑧 + 𝐷𝑖𝑒
𝑠𝑖𝑧]             (1) 

Where 𝐽𝑖  and 𝑌𝑖  are the Bessel function of i order and 𝑠𝑖 = (𝑞𝑖
2 + 𝑗𝜔𝜇0𝜇𝑟𝜎𝑖)

1/2. The unknown 

coefficents 𝐴𝑖, 𝐵𝑖, 𝐶𝑖, 𝐷𝑖, and the discrete eigenvalues 
iq  are to be determined from the boundary 

and interface conditions. When in areas 1 and 5, because of 𝑌𝑖  the divergence at the origin, the 

displacement magnetic potential A is bounded, 𝐵𝑖 =0.When r=b, the vector magnetic potential 

𝐴𝜑(𝑏, 𝑧)=0, so the discrete eigenvalues 𝑞𝑖 can be calculated: 

𝐽1(𝑞𝑖𝑏) = 0                                 (2) 

When in region 2, the air layer can be divided into three sub-regions I, II, and III. The vector magnetic 

potential A of these three sub-regions can be expressed as follows: 

𝐴𝐼(𝑟) = 𝐴𝐸𝐽1(𝑚𝑖𝑟) 0 ≤ 𝑟 ≤ 𝑎1

𝐴II(𝑟) = 𝐴𝐸𝐵2𝐹𝐽1(𝑚𝑖𝑟) + 𝐴𝐸𝐶2𝐹𝑌1(𝑚𝑖𝑟) 𝑎1 ≤ 𝑟 ≤ 𝑐2

𝐴III(𝑟) = 𝐴𝐸𝐵2𝐹
′ 𝐽1(𝑚𝑖𝑟) + 𝐴𝐸𝐶2𝐹

′ 𝑌1(𝑚𝑖𝑟) 𝑐2 ≤ 𝑟 ≤ 𝑏

              (3) 
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Figure 2. E core single-turn coil model 

Z=0

  h1

    h2

    d1

  b

  -l1

    d2

    r2

       r1

  

    a1

    a2

    c1

    c2

  1

  2

  3

  4

  3-4

  5

  6   μ6   σ6

  μf

  g

  Ⅰ     Ⅱ   Ⅲ   Ⅳ   Ⅴ  

  z
  

 

Figure 3. E core multi-turn coil model 

 

By determining the boundary conditions of r=a1 and r=c2, the boundary conditions are the continuity 

of 𝐵𝑧 and 𝐻𝑟 or 𝐴𝜑 and 𝜕𝐴𝜑/𝜕𝑧, and the values of the unknowns coefficents 𝐵2𝐹 , 𝐶2𝐹 , 𝐵2𝐹
′ , 𝐶2𝐹

′  

in (3) are determined by the orthogonality of the Bessel function. At the same time 𝐴𝜑(𝑏, 𝑧) =0, the 

value of 𝑚𝑖 can be determined. 

𝐿1
′ (𝑚𝑖𝑏) = 0                                 (4) 

Where  

𝐿𝑛
′ (𝑚𝑖𝑟) = 𝐵2𝐹

′ 𝐽𝑛(𝑚𝑖𝑟) + 𝐶2𝐹
′ 𝑌𝑛(𝑚𝑖𝑟)                      (5) 

Continuity through boundary conditions 𝐵𝑧 and 𝐻𝑟. 

𝐵2𝐹
′ = −

𝜋

2
𝑚𝑖𝑐2 [

𝑌1𝐿0(𝑚𝑖𝑐2)

𝜇𝑓
− 𝑌0(𝑚𝑖𝑐2)𝐿1(𝑚𝑖𝑐2)]                  (6) 

𝐶2𝐹
′ =

𝜋

2
𝑚𝑖𝑐2 [

𝐽1(𝑚𝑖𝑐2)𝐿0(𝑚𝑖𝑐2)

𝜇𝑓
− 𝐽0(𝑚𝑖𝑐2)𝐿1(𝑚𝑖𝑐2)]                 (7) 

𝐿𝑛(𝑚𝑖𝑟) = 𝐵2𝐹𝐽𝑛(𝑚𝑖𝑟) + 𝐶2𝐹𝑌𝑛(𝑚𝑖𝑟)                      (8) 

𝐵2𝐹 =
𝜋

2
𝑚𝑖𝑎1[𝐽1(𝑚𝑖𝑎1)𝑌0(𝑚𝑖𝑎1) − 𝜇𝑓𝐽0(𝑚𝑖𝑎1)𝑌1(𝑚𝑖𝑎1)]              (9) 

𝐶2𝐹 =
𝜋

2
𝑚𝑖𝑎1[(𝜇𝑓 − 1)𝐽0(𝑚𝑖𝑎1)𝐽1(𝑚𝑖𝑎1)]                    (10) 

In regions 3 and 4, there are a total of 5 sub-areas, the sub-areas are I~V. At the same time, through 

𝐴𝜑(𝑏, 𝑧) =0, the value of can be determined. The vector magnetic potential of the sub-region along 

the radius can be expressed as 
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𝐴𝐼(𝑟) = 𝐴𝐸𝐽1(𝑝𝑖𝑟) 0 ≤ 𝑟 ≤ 𝑎1

𝐴𝐼𝐼(𝑟) = 𝐴𝐸𝐵3𝐹𝐽1(𝑝𝑖𝑟) + 𝐴𝐸𝐶3𝐹𝑌1(𝑝𝑖𝑟) 𝑎1 ≤ 𝑟 ≤ 𝑎2

𝐴𝐼𝐼𝐼(𝑟) = 𝐴𝐸𝐵3𝐹
′ 𝐽1(𝑝𝑖𝑟) + 𝐴𝐸𝐶3𝐹

′ 𝑌1(𝑝𝑖𝑟) 𝑎2 ≤ 𝑟 ≤ 𝑐1

𝐴𝐼𝑉(𝑟) = 𝐴𝐸𝐵3𝐹
′′ 𝐽1(𝑝𝑖𝑟) + 𝐴𝐸𝐶3𝐹

′′ 𝑌1(𝑝𝑖𝑟) 𝑐1 ≤ 𝑟 ≤ 𝑐2

𝐴𝑉(𝑟) = 𝐴𝐸𝐵3𝐹
′′′ 𝐽1(𝑝𝑖𝑟) + 𝐴𝐸𝐶3𝐹

′′′ 𝑌1(𝑝𝑖𝑟) 𝑐2 ≤ 𝑟 ≤ 𝑏

                (11) 

The value of the discrete eigenvalue can be obtained by calculating the equation of (1.12) 

𝑅1
′′′(𝑝𝑖𝑏) = 0                              (12) 

In the same way, the unknowns 𝐵3𝐹 , 𝐶3𝐹 , 𝐵3𝐹
′ , 𝐶3𝐹

′ , 𝐵3𝐹
′ , 𝐶3𝐹

′ , 𝐵3𝐹
′′′ , and 𝐶3𝐹

′′′  can be calculated 

through the continuity of the boundary conditions 𝐵𝑧 and 𝐻𝑟. 

𝑅𝑛
′′′(𝑝𝑖𝑟) = 𝐵3𝐹

′′′ 𝐽𝑛(𝑝𝑖𝑟) + 𝐶3𝐹
′′′ 𝑌𝑛(𝑝𝑖𝑟)                    (13) 

𝐵3𝐹
′′′ = −

𝜋

2
𝑝𝑖𝑐2 [

𝑌1(𝑝𝑖𝑐2)𝑅0
′′(𝑝𝑖𝑐2)

𝜇𝑓
− 𝑌0(𝑝𝑖𝑐2)𝑅1

′′(𝑝𝑖𝑐2)]                (14) 

𝐶3𝐹
′′′ =

𝜋

2
𝑝𝑖𝑐2 [

𝐽1(𝑝𝑖𝑐2)𝑅0
′′(𝑝𝑖𝑐2)

𝜇𝑓
− 𝐽0(𝑝𝑖𝑐2)𝑅1

′′(𝑝𝑖𝑐2)]                 (15) 

𝑅𝑛
′′ (𝑝𝑖𝑟) = 𝐵3𝐹

′′ 𝐽𝑛(𝑝𝑖𝑟) + 𝐶3𝐹
′′ 𝑌𝑛(𝑝𝑖𝑟)                    (16) 

𝐵3𝐹
′′ =

𝜋

2
𝑝𝑖𝑐1[𝑅1

′ (𝑝𝑖𝑐1)𝑌0(𝑝𝑖𝑐1) − 𝜇𝑓𝑅0
′ (𝑝𝑖𝑐1)𝑌1(𝑝𝑖𝑐1)]              (17) 

𝐶3𝐹
′′ =

𝜋

2
𝑝𝑖𝑐1[𝜇𝑓𝑅0

′ (𝑝𝑖𝑐1)𝐽1(𝑝𝑖𝑐1) − 𝑅1
′ (𝑝𝑖𝑐1)𝐽0(𝑝𝑖𝑐1)]             (18) 

𝑅𝑛
′ (𝑝𝑖𝑟) = 𝐵3𝐹

′ 𝐽𝑛(𝑝𝑖𝑟) + 𝐶3𝐹
′ 𝑌𝑛(𝑝𝑖𝑟)                    (19) 

𝐵3𝐹
′ = −

𝜋

2
𝑝𝑖𝑎2 [

𝑌1(𝑝𝑖𝑎2)𝑅0(𝑝𝑖𝑎2)

𝜇𝑓
− 𝑌0(𝑝𝑖𝑎2)𝑅1(𝑝𝑖𝑎2)]              (20) 

𝐶3𝐹
′ =

𝜋

2
𝑝𝑖𝑎2 [

𝐽1(𝑝𝑖𝑎2)𝑅0(𝑝𝑖𝑎2)

𝜇𝑓
− 𝐽0(𝑝𝑖𝑎2)𝑅1(𝑝𝑖𝑎2)]               (21) 

𝑅𝑛(𝑝𝑖𝑟) = 𝐵3𝐹𝐽𝑛(𝑝𝑖𝑟) + 𝐶3𝐹𝑌𝑛(𝑝𝑖𝑟)                    (22) 

𝐵3𝐹 =
𝜋

2
𝑝𝑖𝑎1[𝐽1(𝑝𝑖𝑎1)𝑌0(𝑝𝑖𝑎1) −𝜇𝑓𝐽0(𝑝𝑖𝑎1)𝑌1(𝑝𝑖𝑎1)]             (23) 

𝐶3𝐹 =
𝜋

2
𝑝𝑖𝑎1[(𝜇𝑓 − 1)𝐽0(𝑝𝑖𝑎1)𝐽1(𝑝𝑖𝑎1)]                   (24) 

In region 6, the magnetic potential of the conductor plate with through-holes in the radial direction 

can be expressed as: 

𝐴(𝑟) = 𝐴𝑢[𝑌1(𝑣𝑖𝑏)𝐽𝑛(𝑣𝑖𝑟) − 𝐽1(𝑣𝑖𝑏)𝑌𝑛(𝑣𝑖𝑟)]                 (25) 

𝑃𝑛(𝑣𝑖𝑟) = 𝑌1(𝑣𝑖𝑏)𝐽𝑛(𝑣𝑖𝑟) − 𝐽1(𝑣𝑖𝑏)𝑌𝑛(𝑣𝑖𝑟)                  (26) 

Through (25) and (26), the expressions of the magnetic potential 𝑨ℎ𝑜𝑙𝑒(𝑟) and 𝑨𝑝𝑙𝑎𝑡𝑒(𝑟) along the 

radius of the conductor plate with or without through holes can be obtained: 

𝑨hole (𝑟) = 𝐴𝑢𝐽1(𝑢𝑖𝑟)𝑃1(𝑣𝑖𝑔)                        (27) 

𝐴plate (𝑟) = 𝐴𝑢𝑃1(𝑣𝑖𝑟)𝐽1(𝑢𝑖𝑔)                        (28) 

Where g is the radius of the through hole and 𝑢𝑖 is the discrete characteristic value of area 6, 𝑣𝑖 =

√𝑢𝑖
2 − 𝑗𝜔𝜇𝑟𝜇0𝜎. When r=g, it can be determined by boundary conditions: 

𝑢𝑖𝑃1(𝑣𝑖𝑔)𝐽1(𝑢𝑖𝑔) =
1

𝜇𝑟
𝑣𝑖𝐽1(𝑢𝑖𝑔)𝑃1(𝑣𝑖𝑔)                    (29) 

By calculating (29), the value of the discrete eigenvalue 𝑢𝑖 can be obtained, which also satisfies 

𝐴𝑝𝑙𝑎𝑡𝑒 (𝑏) = 0 when r=b. Finally, the vector magnetic potential expressions in all different layers are 

transformed into a matrix form: 

𝑨1(𝑟, 𝑧) = 𝐽1(𝒒𝑇𝑟)𝒒−1𝑒−𝒒𝑧𝑪𝟏                         (30) 

𝑨2(𝑟, 𝑧) =

𝐽1(𝒎𝑇𝑟) 0 ≤ 𝑟 ≤ 𝑎1

𝐿1(𝒎𝑇𝑟)𝒎−1(𝑒−𝒎𝑧𝑪2 − 𝑒𝒎𝑧𝑩2) 𝑎1 ≤ 𝑟 ≤ 𝑐2

𝐿1
′ (𝒎𝑇𝑟) 𝑐2 ≤ 𝑟 ≤ 𝑏

              (31) 
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𝑨3(𝑟, 𝑧) =

𝐽1(𝒑𝑇𝑟) 0 ≤ 𝑟 ≤ 𝑎1

𝑅1(𝒑𝑇𝑟) 𝑎1 ≤ 𝑟 ≤ 𝑎2

𝑅1
′ (𝒑𝑇𝑟)𝒑−1(𝑒−𝑝𝑧𝑪3 − 𝑒𝑝𝑧𝑩3) 𝑎2 ≤ 𝑟 ≤ 𝑐1

𝑅1
′′(𝒑𝑇𝑟) 𝑐1 ≤ 𝑟 ≤ 𝑐2

𝑅1
′′′(𝒑𝑇𝑟) 𝑐2 ≤ 𝑟 ≤ 𝑏

               (32) 

𝑨4(𝑟, 𝑧) =

𝐽1(𝒑𝑇𝑟) 0 ≤ 𝑟 ≤ 𝑎1

𝑅1(𝒑𝑇𝑟) 𝑎1 ≤ 𝑟 ≤ 𝑎2

𝑅1
′ (𝒑𝑇𝑟)𝒑−1(𝑒−𝑝𝑧𝑪4 − 𝑒𝑝𝑧𝑩4) 𝑎2 ≤ 𝑟 ≤ 𝑐1

𝑅1
′′(𝒑𝑇𝑟) 𝑐1 ≤ 𝑟 ≤ 𝑐2

𝑅1
′′′(𝒑𝑇𝑟) 𝑐2 ≤ 𝑟 ≤ 𝑏

               (33) 

𝑨5(𝑟, 𝑧) = 𝐽1(𝒒𝑇𝑟)𝒒−1(𝑒−𝒑𝑧𝑪𝟓 − 𝑒𝒑𝑧𝑩𝟓)                      (34) 

𝑨6(𝑟, 𝑧) = −
𝐽1(𝒖𝑇𝑟)𝑃1(𝒗𝑔)

𝑃1(𝒗𝑻𝑟)𝐽1(𝒖𝑔)
𝒖−1𝑒𝒖𝑧𝑩𝟔

0 ≤ 𝑟 ≤ 𝑔
𝑔 ≤ 𝑟 ≤ 𝑏

                   (35) 

Where 𝐽1(𝒒𝑇𝑟) , 𝐽1(𝒎𝑇𝑟) , 𝐿1(𝒎𝑇𝑟) , 𝐿1
′ (𝒎𝑇𝑟) , 𝐽1(𝒑𝑇𝑟) , 𝑅1(𝒑𝑇𝑟) , 𝑅1

′ (𝒑𝑇𝑟) , 𝑅1
′′(𝒑𝑇𝑟) , 𝐽1(𝒖𝑇𝑟) , 

𝑅1
′′′(𝒑𝑇𝑟) , 𝑃1(𝒗𝑔) ,𝑃1(𝒗𝑻𝑟) ,𝐽1(𝒖𝑔)  are row vectors. 𝒒 ,𝒎 ,𝒑 ,𝒖 ,𝒗 ,𝑒±𝒑𝑧 ,𝑒±𝒎𝑧 ,𝑒𝒖𝑧  are diagonal 

matrixes, unknown coefficients 𝑪𝑖 and 𝑩𝑖are column vector. The unknown coefficient 𝑪𝑖 and 𝑩𝑖 

is determined by the boundary relationship between adjacent layers. The boundary condition is the 

continuity of 𝐵𝑧  and 𝐻𝑟 . Using the orthogonality of the Bessel function, the simplification can 

calculate the mutual relationship between 𝑪𝑖 and 𝑩𝑖, and then calculate the vector magnetic potential 

𝑨𝜑(𝑟, 𝑧), where the mutual relationship is as follows: 

𝐶56

𝑩56
=

1

2
𝑒∓𝒒𝑙1𝑬−1(𝑾 ∓ 𝑲)𝑒−𝒖𝑙1                        (36) 

𝑪𝟒𝟔

𝑩𝟒𝟔
=

1

2
𝑫−1[(𝑮′ ± 𝑯′)𝑪𝟓𝟔 + (𝑮′ ∓ 𝑯′)𝑩𝟓𝟔]                     (37) 

𝑪26

𝑩26
=

1

2
𝑭−1𝑒±𝒎𝑑1[(𝑮 ± 𝑯)𝑒−𝒑𝑑1𝑪𝟒𝟔 + (𝑮 ∓ 𝑯)𝑒𝒑𝑑1𝑩𝟒𝟔]                (38) 

𝝀1 =
1

2
𝑨𝑭−1𝑒𝒎𝑑1[(𝑮 + 𝑯)𝑒−𝒑𝑑1𝑒𝑝ℎ0 + (𝑮 − 𝑯)𝑒𝒑𝑑1𝑒−𝒑ℎ0]               (39) 

𝝀2 =
1

2
𝑨𝑭−1𝑒−𝒎𝑑1[(𝑮 − 𝑯)𝑒−𝒑𝑑1𝑒𝒑ℎ0 + (𝑮 + 𝑯)𝑒𝒑𝑑1𝑒−𝒑ℎ0]               (40) 

Where the matrices 𝑫, 𝑭, 𝑬 are diagonal matrices, and 𝑾, 𝑲, 𝑮, 𝑯, 𝑮′, 𝑯′ are full matrices. 

𝑨 =
1

2
𝜇0𝐼𝑫−1𝑟0𝑅1

′ (𝒑𝑟0)                           (41) 

𝑪𝑖6 =
𝑪𝑖

𝑩6
                                 (42) 

𝑩𝑖6 =
𝑩𝑖

𝑩6
                                 (43) 

In order to calculate the expression 𝑨𝜑of the coil in Figure 3, the superposition principle can be 

applied to obtain its expression. The coil is composed of a finite width (𝑟2 − 𝑟1)and a finite height 
(ℎ2 − ℎ1). The vector magnetic potential 𝑨(𝑟, 𝑧) can be integrated along the rectangular cross-

section of the cylindrical coil through the magnetic vector potential 𝑨𝑓𝑖𝑙𝑎𝑚𝑒𝑛𝑡𝑎𝑟𝑦(𝑟, 𝑧) of the single-

turn coil to obtain the expressions of the N-turn vector magnetic potentials of different partitions. Let 

the expression 𝑨3(𝑟, 𝑧) in Figure 3 be ℎ2 = 𝑧 and 𝑨4(𝑟, 𝑧) be ℎ1 = 𝑧, add the two formulas to 

obtain the vector magnetic potential expression 𝑨3,4(𝑟, 𝑧), and calculate the corresponding resistance 

by dividing the N-turn coil along the rectangular cross-sectional area of the cylindrical coil. The 

formula is: 

𝑍 =
𝑗𝜔 ∮ 𝑨3,4(𝑟,𝑧)⋅𝑑𝑙

𝐼
=

𝑗𝜔2𝜋𝑟𝑨3,4(𝑟,𝑧)

𝐼
                     (44) 

Through the calculation of formula (44), the impedance of the N-turn coil can be obtained, and the 

coil expression is: 



 

 

374 

International Core Journal of Engineering 

ISSN: 2414-1895 

Volume 7 Issue 5, 2021 

DOI: 10.6919/ICJE.202105_7(5).0048 

( ) ( )
( ) ( ) ( ) ( )

( ) ( )  ( )

1 2 2 1

1 2 1 2

2

40

1 2 2 12 2

2 1 2 1

3 1

1 2

 
Int , 2

Int ,

T TN h h h h

h h h h

j
Z r r h h e e

r r h h

e e e e r r

w p m − −−

− − − − − −

=  − + − +
− −

 − − − 
 

p p

p p p p

46 46

p p p p

C B M p D p p

         (45) 

In formula (45): 

𝑰𝒏𝒕(𝒑𝑟1, 𝒑𝑟2) = ∫ 𝑟
𝒑𝑟2

𝒑𝑟1
𝑅0
′ (𝒑𝑟)𝑑𝑟                        (46) 

𝑖0 =
𝑁𝐼

(𝑟2−𝑟1)(ℎ2−ℎ1)
                             (47) 

𝑴 = [(𝑻 − 𝑼)𝑒−𝒎𝑑2 𝑪𝟐𝟕 − (𝑻 + 𝑼)𝑒𝒎𝑑2𝑩𝟐𝟕]−𝟏 × [(𝑻 + 𝑼)𝑒𝒎𝑑2𝝀𝟐 − (𝑻 − 𝑼)𝑒−𝒎𝑑2 𝝀𝟏]  (48) 

3. Results and Analysis 

In the TREE method, it is very important to obtain the discrete feature roots in equations (2), (4), (12) 

and (29). The accuracy of the feature roots directly affects the calculation results. In order to find an 

effective method to automatically search for characteristic roots, different forms of characteristic 

roots can be divided into two categories. The first type is the real roots of the characteristic functions 

related to the core radius and permeability obtained through boundary conditions at the magnetic core 

position. The characteristic roots of equations (2), (4) and (12) are all real numbers. The use of the 

bisection-Newton algorithm can speed up the convergence speed and obtain the zero point in the 

specified interval. When using Newton's method to calculate, the zero point after iteration may exceed 

the specified interval or the iteration speed will be slow. When using Newton's method does not work, 

use the dichotomy method, readjust the zero point interval and then judge until the error of the zero 

point value obtained by Newton's method or dichotomy method is less than the required accuracy, 

then the zero point of the interval is obtained. 

The characteristic roots of the second type in the characteristic function obtained through the 

boundary conditions for the through-hole conductor plate are in the form of complex roots, and the 

characteristic roots of equation (29) are all complex numbers. The basic method for calculating 

complex roots is Newton-Raphson Method. 

The parameters of the coil, magnetic core and conductor plate are shown in Table 1. The solution 

domain radius b=54 mm is 12 times the outer radius of the coil, and the sum term is 76 items (𝑁𝑠=76). 

The determination of b and 𝑁𝑠 were found in [6]. 

 

Table 1. Parameters of coils, magnetic cores and conductor plates 

Coil  Ferrite core  Plate  

Inner coil 𝑟1  3.0mm Inner column 𝑎1 1.2mm Conductivity 𝜎 10.0 MS m-1 

Outer coil 𝑟2  4.5mm Outer column 𝑎2 2.6mm Domain b 54mm 

Offset 𝑙1 0.01mm Inner core 𝑐1 5mm Hole g 2.5mm 

Length ℎ2 − ℎ1 2.025mm Outer core 𝑐2 6mm   

Numbers of turns N 500 Inner core height 𝑑1 2.6mm   

  Outer core height 𝑑2 4mm   

 

Discrete eigenvalues 𝑢𝑖 can be determined by the Newton-Raphson method in the literature [13,14]. 

The integral in equation (46) is realized by using the Struve(), besselj(), bessely() functions, and 

expanding the Struve function and the Bessel function. 

Calculate the formula (45) to get the impedance value 𝑍 = 𝑅 + 𝑗𝑋 of the through-hole conductor 

plate. The air core coil assumes 𝜇𝑓=0, the calculated impedance value. In the case of a non-conductor 

plate, set the conductivity 𝜎 =0, and let 𝒖 = 𝒒, 𝑾 = 𝑬 and 𝑲 = −𝑬 can obtain the impedance 

value 𝑍0 = 𝑅0 + 𝑗𝑋0 of the non-conductor plate. The change of the real part of the impedance is 

𝛥𝑅0 = 𝑅 − 𝑅0, and the change of the imaginary part of the impedance is 𝛥𝑋0 = 𝑋 − 𝑋0. 
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Keep the through-hole conductor plate unchanged, change the relative permeability of the magnetic 

core 𝜇𝑓=0, you can get the impedance of the air core coil, and calculate the impedance change value. 

When the frequency changes from 0.1kHz to 100kHz, the real part of the impedance change in Figure 

4 first increases with the frequency. After reaching the frequency 𝑓𝑅= 10KHz, the impedance change 

reaches the maximum and then begins to decrease. It can be seen from Figure 5 that the E magnetic 

core has little effect on the change trend of impedance, but a larger impedance change is obtained. 

The maximum relative difference between the real part calculated by the impedance TREE method 

and the simulation does not exceed 1.5%, and the maximum imaginary part does not exceed 0.45%. 

It can be seen that the TREE method calculation and the impedance normalized change value obtained 

by the simulation method are in good agreement. The inductance calculated by impedance analysis 

is L=0.701H when there is an E-shaped magnetic core (f =1KHz), and the inductance calculated by 

analysis is L0=0.18H without a magnetic core. 

 

Figure 4. Comparison of the relationship between the normalized resistance value of the air core 

and the E core coil and the frequency 

 

Figure 5. Comparison of the relationship between the normalized reactance value and frequency of 

air core and E core coil 

 

Equations (49) and (50) can calculate the relative difference of coil impedance between E core and 

air core. The results of some frequencies are shown in Table 2. With or without a magnetic core, the 

maximum change of the real part of the impedance is 𝛿𝑅=84.368%, and the maximum change of the 

imaginary part is 𝛿𝑋=72.974%. The magnetization of the E magnetic core makes the impedance 

change large. 
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𝛿𝑅 =
𝑅without core −𝑅core 

𝑅without core 

⋅ 100%                      (49) 

𝛿𝑋 =
𝑋without core −𝑋core 

𝑋without core 

⋅ 100%                      (50) 

 

Table 2. The existence of E magnetic core has an effect on the relative difference between coil 

impedance 

f/khz 𝛿𝑅 [%] 𝛿𝑋 [%] 

0.1 82.647 72.974 

1 83.157 72.832 

10 84.368 69.477 

50 81.728 65.412 

100 80.846 64.384 

 

Keeping the magnetic core unchanged, by comparing the impedance relationship between the 

complete conductor plate and the conductor plate with cylindrical through-holes, the influence of the 

cylindrical through-hole on impedance changes can be obtained. To calculate the complete conductor 

plate, you need to change the expression 𝑪56 and 𝑩56: 

𝑪56

𝑩56
=

1

2
𝑒∓𝒒𝑙1(𝑰 ∓ 𝒒𝑠6

−1)𝑒−𝑠6𝑙1                        (51) 

Incorporating equation (51) into equation (37) can obtain the impedance expression of the through-

hole conductor plate. Figures 6 and 7 respectively show the normalized values of the real and 

imaginary parts of the impedance of the coil with respect to the reactance of the complete conductor 

plate coil with respect to the cylindrical through hole of the conductor plate. The maximum relative 

error between the two results obtained from analytical calculation and finite element simulation does 

not exceed 1.6%. From an intuitive analysis, when the frequency is small, the presence of through 

holes in the conductor plate reduces the eddy current density on the surface, resulting in a change in 

the impedance of the conductor plate with through holes in the real part of less than zero. As the 

frequency increases, the skin effect increases, so that the eddy current is concentrated on the surface, 

resulting in the change of the real part of the impedance of the through-hole conductor plate being 

greater than 0, and finally the eddy current is concentrated on the surface and the impedance change 

tends to be equal. 

 

Figure 6. The relationship between the normalized resistance value of the through-hole conductor 

plate coil and the frequency 
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Figure 7. The relationship between the normalized reactance value of the through-hole conductor 

plate coil and the frequency 

 

4. Conclusion 

In this paper, the characteristic function expansion method of the truncated area is used to calculate 

the impedance of the E core coil above the conductor plate with the through hole radius g. The final 

closed form expression can be calculated in MATLAB, and the calculated error can be controlled by 

changing the value of the solution domain radius b or changing the number of the summation term 

Ns. By comparing with the result of finite element simulation, the result of impedance change is 

verified. When the coil is close to the conductive material, the change of the coil impedance 

component of the E magnetic core is much larger than that without the magnetic core. The existence 

of the magnetic core increases the density of the magnetic flux in the conductive material and ensures 

the high efficiency of detecting defects. 
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