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Abstract 
With an 81/2 PDC drill bit with a crown shape of "straight-arc-straight" at the drilling site, 
the limit idea of mathematics has applied to the assumption that the PDC teeth are 
infinitely small and evenly distributed on the blade of the bit, and carried out numerical 
simulation of cutting with blade for the basic research object. On this basis, established 
an optimized mathematical model that take the five parameters, including the crown's 
inner cone angle α, arc radius R, outer cone angle β, outer cone height H2 and forward 
inclination angle γ as the design variables, and take the blade tooth axial force FN and 
each revolution the crushing work WC as the objective function. The Kriging model is 
used to fit and interpolate it, the cross-validation method is used to verify the accuracy 
of the Kriging model, and the NSGA-Ⅱ algorithm is used to calculate the global 
optimization of design variables. Through the comparison before and after optimization, 
it is concluded that the optimization effect of the crushing work per revolution of the 
blade is about 3.23%, and the optimization effect of the axial force is about 36.06%. By 
analyzing the response surface diagram, the influence rule of each design variable on the 
objective function is obtained. It has certain benefits to improve the design of PDC drill 
bit. 
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1. Introduction 

The crown design of PDC bit is the key stage of design, and its design result directly affects the 
subsequent tooth layout design, and then affects the drilling performance and life of the whole bit. At 
present, scholars at home and abroad mostly start from the tooth layout design when designing PDC 
bits, and take the lateral force and wear performance (bit life) of the whole bit as the main research 
goal [1-3]. However, in the crown shape design before tooth layout, engineers mostly rely on 
experience, for example, when drilling soft rock, the crown should be pointed, when drilling hard 
rock, the crown should be equal, and there is a lack of systematic understanding of the influence of 
crown parameters on drilling performance. In the optimization design of PDC bit, if the conventional 
method is used to optimize the PDC tooth parameters, and each tooth has six parameters to be 
considered, the design variables of the whole bit are up to hundreds, and the calculation cost is too 
high. Therefore, this paper simplifies the model, simulates the crown structure, and uses the Kriging 
model instead of the simulation model to study the influence of various parameters on the rock 
breaking performance, and uses the NSGA- Ⅱ algorithm to obtain the pareto solution set of the design 
variables. 

In the early design process of PDC bit, many scholars used experiments to study the influence of 
different structural parameters on rock breaking efficiency and bit properties.With the rapid 
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development of computer technology, scholars use finite element simulation technology to carry out 
the influence of different bit parameters on rock breaking performance.Based on Kriging approximate 
model, YachaoMa [1,2] uses genetic algorithm and particle swarm optimization algorithm to optimize 
the design of PDC bit. The force balance optimization design of PDC bit is carried out with lateral 
unbalanced force and sidetracking ratio as optimization objectives. The optimization results 
obviously reduce the lateral force of the tool and improve the overall stability of the bit. 

In this paper, numerical simulation is used instead of experiment and approximate model instead of 
simulation, which greatly solves the problems of high economic cost, long period and high time cost 
of simulation analysis under the condition of ensuring the overall accuracy. The target performance 
of the optimization result is obviously improved compared with the initial bit, and the influence law 
of each design variable on the objective function is obtained by response surface analysis. 

2. Establishment of simulation model 

The original PDC bit crown section in this paper is "straight line-arc-straight line" type. The initial 
bit crown section, shape and parameters are extracted as shown in fig. 1. In the figure, Dp is the bit 
diameter, H1 is the inner cone height, H2 is the outer cone height, R is the crown arc radius, α is the 
inner cone angle and β is the outer cone angle. In order to study the influence of PDC bit crown 
parameters on cutting performance, the structure of conventional PDC teeth arranged on the blade is 
evolved, and the schematic diagram is shown in fig. 2. 

 
Fig. 1 Crownparameters 

 

 
Fig. 2 Schematic diagram of the evolution of PDC teeth into blade teeth 

 

Based on the idea of fig. 2, the model of fig. 1 is simplified to establish the finite element model (fig. 
3), and boundary conditions are defined, load is applied, control is solved and output file definition 
is carried out. 

In the actual cutting process, the motion form of the blade tooth is the rotational motion around the 
bit axis and the translation motion along the axis, and it is based on the finite element simulation of 
display analysis. Considering that the time cost of the experimental design stage of the optimization 
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process is too high, when only considering the results related to rock breaking on the contact surface, 
the simulation process is simplified as follows: 

 

 
Fig. 3 FEM of blade tooth 

 

Strain value corresponding to failure strength of rock (Table1) as the displacement loading condition 
of the blade tooth, the rotational motion of the blade tooth is not considered. In this case of low speed 
and small displacement, it can be used as quasi-static problem analysis, and implicit dynamic analysis 
can be used instead of explicit dynamic analysis, which can greatly reduce the computational cost. 
The parameters of blade teeth are as follows: 𝛼 = 82∘ , H1=8.77mm, H2=61.73mm, R=37mm, 
𝛽=11.79∘ , side angle 𝛾 = 20∘ , height 3mm, slightly greater than the depth of eating, and the 
thickness is 2mm. The material is rigid body material, and the parameters are shown in Table 2. The 
minimum size of the rock mesh element is 0.2mm and the maximum size is 1mm. The cutting contact 
area is locally refined. The element type is a single point integral tetrahedral element. The rock 
material is H-J-C constitutive model. The parameters are shown in Table 3. The depth of cutting rock 
by the blade tooth is fixed at 2mm, and the contact type between the blade tooth and the rock adopts 
automatic one-sided contact; in order to avoid the influence of reflected waves on the analysis results, 
all surfaces of the rock except the contact surface are set as non-reflective boundaries to simulate the 
infinite boundary plane; fix the nodes on the four sides of the rock. 

 

Table 1. Strain value corresponding to failure strength of granite 

Rock Strain value corresponding to rock failure 
Granite 0.06 

 

Table 2. Material parameters of blade teeth(kg-m-s) 

 Density Elastic modulus Poisson's ratio 
Blade tooth 3490 8.6e11 0.0768 

 

Table 3. Granite HJC constitutive model parameters 

ρ G A B C 
2600 2.87e10 0.28 2.5 0.00186 

N fc T ε0 εfmin 
0.79 1.54e8 1.22e7 1 0.01 
Sfmax Pc μc P1 μl 
15 5.1e7 0.0016 1.2e9 0.012 
D1 D2 K1 K2 K3 

0.04 1 1.2e10 2.5e10 4.2e10 
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3. Optimized mathematical model 

3.1 Determination of design variables 

In order to obtain the crown profile of the best cutting performance of PDC bit, all the parameters in 
fig. 3 and the forward inclination angle of cutter wing tooth are selected as design variables, including 
inner cone height H1, inner cone angle α, arc radius R, outer cone angle β, outer cone height H2 and 
cutter wing tooth forward inclination angle γ. Due to the problem of dimension chain driving, the 
inner cone height H1 and the outer cone angle β maintain a mutual driving relationship, that is, they 
can be regarded as a dimension parameter. In order to ensure the bit shape, this paper selects the outer 
cone angle β as the driving dimension, the inner cone height H1 as the reference dimension, and the 
outer cone angle β> 0. The final design variables are: inner cone angle α, arc radius R, outer cone 
angle β, outer cone height H2, forward inclination angle γ. 

3.2 Objective function 

3.2.1 Each crushing work of crown broken rock 

The feasibility of using the crushing work per turn of the crown as an index to evaluate the cutting 
effect of PDC bit is described in detail in reference [4]. The mathematical expression is as follows: 
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                               (1) 

Where h is the cutting depth, 2 mm is fixed in this paper, γ is the forward inclination of the PDC tooth, 
R is the bit radius, and σkr is the crushing strength of the rock in contact with different parts of the 
blade tooth. 

According to the crown shape of different structural parameters, the crushing work per turn of cutting 
rock is different when other conditions are the same. When the crushing work per turn is minimum, 
the corresponding parameter is the optimal crown parameter. Therefore, this paper chooses Wc as one 
of the objective functions of optimization design. 

3.2.2 Axial force 

Predecessors thought that the amount of wear depends on friction force and friction distance, while 
friction force is determined by positive pressure and friction coefficient. If the volume wear of PDC 
teeth is Qw, there is: 

w w NQ f F L                                   (2) 

In the formula, fw is the general name of the physical quantity of the grinding characteristics between 
the reaction rock and the cutting tooth, and its value is determined by the type and size of the PDC 
tooth and does not change with other parameters; L represents the distance of wear; FN is the axial 
force of the single tooth. 

In the force model of PDC bit [5], there are: 
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Where W is the bit pressure, T is the bit torque, N is the number of PDC teeth, FN is the axial force of 
the single tooth, Fv is the tangential force of the single tooth, and R is the radial radius of the tooth in 
the bit. 

From the analysis of equations (2) and (3), it can be obtained that when the first working condition is 
set in the numerical simulation analysis (that is, given the rotational speed and penetration rate of 
PDC bit to reverse the drilling pressure and torque of the bit), the mechanical penetration rate and 
rotational speed of the bit are constant, and the smaller the FN is, the lower the bit drilling pressure is, 
that is, the smaller the external force required to achieve the same cutting effect is, the smaller the 
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external energy is. And with the decrease of FN, the smaller the volume wear Qw of PDC teeth is, the 
longer the bit life is. Therefore, the axial force FN is selected as one of the objective functions of the 
optimization research in this paper. 

3.3 Mathematic model 

In this paper, about the optimal design of the crown parameters of PDC bit, the design variables are: 
inner cone angle α, arc radius R, outer cone angle β, outer cone height H2, forward inclination angle 
γ, and the constraint conditions are: design variable range constraint, Wc < WC0, FN < FN0; optimization 
objectives: Wc and FN. Therefore, the mathematical model of optimization research in this paper is as 
follows: 
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In the formula, Xi represents each design variable, Xn is the lower limit of the variable, Xx is the upper 
limit of the variable, FN0 is the axial force of the initial crown parameters, and Wc0 is the crushing 
work per turn of the initial crown. 

4. Optimal Design based on Kriging Model 

4.1 Experimental design 

Experimental design is to select a limited number of sample points according to a specific algorithm 
in the space of design variables, and then reflect the characteristics of the whole design space. There 
are many kinds of experimental design methods. At present, the most commonly used and adaptive 
method in the engineering field is the optimized Latin hypercube experimental design method, which 
can evenly fill the design space with as few points as possible. Therefore, this paper chooses to 
optimize the Latin hypercube to collect the sample point set. 

Within the range of design variables, 60 sets of sample points are generated by using optimized Latin 
squares, as shown in fig. 4. 

 

 
Fig. 4 Sample point 

 

4.2 Approximate model and cross-validation 

The approximate model is to interpolate, approximate or fit the relationship between the design 
variable and the objective function through the sample points extracted by the experimental design in 
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the design space, so as to establish a corresponding mathematical model to characterize the 
relationship between input and response. The commonly used approximate models are RSM [6-7] 
model (order 2 to 4), kriging model, RadialRBF model and so on. 

The accuracy of the approximate model is based on the goodness-of-fit criterion, which mainly 
includes parameters such as compound correlation coefficient (R2), relative average absolute error 
(RAAE), root mean square error (RMSE) and so on [8-10]. The calculation method is as follows: 
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In the formula: yi is the true value of the I verification point; 𝑦
∧

 is the predicted value of the i 
verification point; 𝑦  is the average value of the verification point; ymax is the maximum value of the 
verification point; ymin is the minimum value of the verification point; N is the number of verification 
points. The closer R2 is to 1, the higher the model accuracy is, and the closer the values of RAAE and 
RMSE are to 0, the higher the model accuracy is. 

When constructing the approximate model, the predecessors mostly use the conventional method to 
generate the approximate model and verify its accuracy, the specific operation of the method is as 
follows: the experimental design generates m learning points and n verification points, and the m 
learning points are used to construct the approximate model. the accuracy of the approximate model 
is verified by n verification points. This method requires experimental design to generate a total of 
m+n sample points, but only m points are used to establish the model, so the utilization rate is low. 

In this paper, the idea of cross-verification is used to verify the accuracy of the approximate model: 

Using experimental design to generate m+n sample points; 

The approximate model is constructed by using all the generated sample points, and the coefficient 
value of the model is calculated; 

A point is randomly selected from the sample set to be deleted, and then the remaining sample points 
after deletion are used to reconstruct the approximate model. During the re-fitting period, the structure 
of the approximate model remains unchanged, that is, only the coefficient values of the approximate 
model are recalculated; 

Put the removed sample data points back into the sampled data set; 

Repeat the steps of 2-4. 

This method does not need to generate additional verification points, and all the generated m+n 
sample points are used to construct the approximate model. Compared with the conventional method, 
the utilization rate of the generated sample points is higher. 

According to the 60 groups of sample points generated by the experimental design in fig. 4, the 
approximate models are established by different methods, all the sample points are selected for cross-
verification, and the accuracy of different models is shown in Table 4. As can be seen from the table, 
for the objects studied in this paper, the Kriging model shows better adaptability and accuracy than 
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other methods. Therefore, at the end of this paper, Kriging algorithm is used as the construction 
method of mathematical approximate model. 

4.3 Multi-objective optimization 

The Wc of FN in formula (4) conflicts with each other in a certain design space. In this paper, the 
NSGA- Ⅱ algorithm is used to optimize the problem. This method can obtain the global optimal 
solution set in the range of variables. The NSGA- Ⅱ optimization algorithm is used to solve the 
optimization model. The population size is set to 20 and the genetic algebra is set to 40 generations. 
The process of finding the pareto solution is shown in fig. 5, where the values of the horizontal and 
vertical coordinates represent the values of FN and WC, respectively. 

 

Table 4. Model accuracy 

object method R2 RAAE RMSE Optimal method 

FN 

Kriging 0.96 0.045 0.061  
Second order RSM 0.87 0.076 0.107  
Third order RSM 0.87 0.085 0.11  
Fourth order RSM 0.85 0.089 0.118  

Radial RBF 0.87 0.072 0.109  

Wc 

Kriging 0.92 0.053 0.073  
Second order RSM 0.83 0.083 0.106  
Third order RSM 0.88 0.071 0.091  
Fourth order RSM 0.85 0.079 0.102  

Radial RBF 0.85 0.083 0.109  

 

 
Fig. 5 pareto solution set 
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During the evolution of the first 10 generations, the distribution of objective function values is 
dispersed and non-convergent, as shown in fig. 6.a. 

During the evolution of 11 to 20 generations of sample points, the value of the response target 
gradually converges in the lower left corner of the coordinate system, as shown in the blue dot in fig. 
6.b. 

The distribution of the 21st to 30th generation sample points (fig. 6.c black spots) shows that the 
solution has a greater improvement than the previous 20 generations, and most of the black spots are 
concentrated at the edge of the point set. It has more obvious convergence and forms the pareto 
frontier. 

The sample points of the last 10 generations of evolution (the red dot in fig. 6.d) are basically still on 
the frontier of pareto generated by the 21st to 30th generations, but the sample points are more dense. 
In this case, the optimization process can be terminated and the pareto optimal solution set can be 
obtained. 

The pareto optimal solution set is solved accurately by pareto theory, and 129 pareto optimal solutions 
are obtained as shown in the red dot in fig. 6.e. 

Three non-dominant solutions are randomly selected from the pareto optimal solution set, which are 
represented by five-pointed stars in fig. 6. f, and their design variable parameters are shown in Table 
5. 

 

Table.5 Non-dominated solution parameter 

Non-dominant solution Crown contour parameter 
NO. a b c d e 

1 19.95 102.41 39.3 71.01 10.67 
2 19.06 102.25 43.9 74.62 10.15 
3 19.99 119.97 42.56 77.12 10.01 

Initial plan 11.79 61.73 37 82 20 

 

5. Optimization result analysis 

5.1 Sensitivity analysis and value recommendation of design variables 

In this paper, two optimization objectives and their corresponding five design variables with a total 
of 20 response surfaces are selected, and the two variables with the highest sensitivity are analyzed 
in detail. The response surface is shown in fig. 6 and 7, in which fig. 6 is the response surface of each 
design variable to the axial force FN, and fig. 7 is the response surface of each design variable to the 
crushing work Wc per turn. 

As can be seen from fig. 6, the change of e leads to the greatest change in the value of FN, followed 
by a, and the change of the value of the variable b, c, d has little disturbance to FN. From the figure, 
it can be analyzed that the influence of design  

variables on FN is in the following order: e > a > c > b > d. Fig. 6 d,g,i,j shows that the value of 
generally increases with the increase of e, and there is a trough when e is equal to 10∘. It can be seen 
from fig. 6. FN has a non-linear relationship with a. With the increase of a, FN first decreases and then 
increases. When an is about 28°, FN is located in the trough, but in the actual design of the bit, when 
the value of an is too high, the outer cone of the bit is too long and the inner cone is too short, which 
is not conducive to the overall tooth distribution of the bit. Therefore, in this paper, the optimization 
range of the design variable an is limited to 5o~20o cycles. It can be seen from Table 5 that the values 
of an in the non-dominant solution are concentrated in the region of about 20o cycles. 
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Fig. 6 Response surface of variable with respect to FN 

 

 
Fig. 7 Response surface of variable with respect to Wc 
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As can be seen in fig. 7, the relationship between the design variables and the response Wc is highly 
nonlinear. From the response surface, it can be seen that the change of the variable e has the greatest 
influence on the Wc, followed by a, and the influence of the variable on the response target is much 
smaller than that of the former two, and the influence of each design variable on Wc is in the following 
order: e > a > c > b > d. Fig. 7 d,g,i,j shows that with the increase of e, the value of Wc increases at 
first and then decreases. When e is about 20o, the value of PDC is located in the wave crest, so when 
designing PDC bit, the forward inclination of PDC teeth should be avoided in the neighborhood space 
of PDC 20o or so. As for the variable a, it is obvious from Fig. 7. A, dint bdagc, that with the increase 
of a, the overall value of Wc increases at first and then decreases, but when an is approximately 
15o~30o, the Wc oscillates continuously, which is a multi-peak problem. In this case, the optimization 
may be "precocious" if the traditional algorithms such as linear programming are used to solve the 
problem. 

Based on the analysis of each response surface, it can be concluded that: 

There is a highly nonlinear and complex relationship between the design variables and the response 
target. 

For the two response targets in this paper, the variable ecentine an is the most sensitive, so these two 
variables should be considered in the design. 

5.2 Optimization result 

The values of the structural parameters obtained from the non-dominant solution 2 are returned to the 
simulation model, and the values obtained are compared with the initial structural simulation values. 
Among them, the FN optimization effect of axial force is about 36.06%, and the Wc optimization 
effect of crushing work per turn of cutter wing teeth is about 3.23%, as shown in Table 6. 

 

Table.6 Optimization Results 

Blade 
FN Wc 

Before 
optimization 

After 
optimization 

Optimization 
effect 

Before 
optimization 

After 
optimization 

Optimization 
effect 

tooth 49251 31491 36.06% 4.7481e7 4.5947e7 3.23% 

 

6. Conclusion 

In this paper, aiming at the blade tooth model including the crown parameters of PDC bit, the 
optimization of its structural parameters is carried out on the basis of numerical simulation, and the 
crown profile parameters which can improve the drilling performance of bit and the influence rules 
of various parameters on rock breaking performance are obtained. the specific conclusions are as 
follows: 

1. By using the idea of mathematical limit and taking the cutter wing teeth as the basic research object, 
the effects of crown parameters of PDC bit (inner cone angle, outer cone angle, arc radius, outer cone 
height) and PDC single tooth structure parameters (forward inclination angle) on the overall cutting 
performance of PDC bit can be comprehensively considered. 

2. A method for optimizing the crown parameters of PDC bit based on Kriging model is presented. 
Taking the inner cone angle, outer cone angle, outer cone height, arc radius and forward inclination 
angle of PDC teeth as design variables, the crushing work and axial force per turn of broken rock are 
taken as optimization objectives, and the minimum value of objective function is set for optimization. 

3. One of the non-dominant solutions solved by NSGA- Ⅱ algorithm is compared with the initial 
scheme, and the optimization results are as follows: the optimization effect of crushing work per 
rotation of cutter wing teeth is about 3.23%, and the optimization effect of axial force is about 36.06%. 



 

 

287 

International Core Journal of Engineering 

ISSN: 2414-1895 
Volume 7 Issue 3, 2021 

DOI: 10.6919/ICJE.202103_7(3).0039 

4. By analyzing the response surface corresponding to the design variable and the objective function, 
it is concluded that:There is a complex and highly nonlinear relationship between each variable and 
the response target. 
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