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Abstract 

The t-distributed stochastic neighbor embedding algorithm, despite increasingly 
popular, are often used as a black-box data visualization method, hence making it 
unclear which implementation does better than others under different circumstances. 
This article aims to provide the reader with intuitions for choosing different t-SNE 
algorithms as well as the performance of different implementations of t-SNE tested 
under different datasets. In the work, additional optimization strategies and their 
analysis are also included. 
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1. Introduction 

T-SNE is one of the most widely used dimensionality reduction technique that is specialized in 

visualization of high-dimensional datasets. It has been widely applied into the field of computer 

security research, music analysis, cancer research, bio-informatics, biomedical signal processing and 

visualization of high-level representations learned by an artificial neural network. Many of such 

applications will have to deal with tremendous amount of data of various dimensions. The algorithm, 

however, are often used as a black-box visualizers, since different implementation of and their 

strengths and weaknesses are hard to understand. 

In this work, a survey on different ways of optimizing t-distributed stochastic neighbor embedding(t-

SNE) has been conducted with respect to the running time and quality of results. This article also 

aims to provide the reader with intuitions for choosing different t-SNE algorithms as well as the 

performance of different implementations of t-SNE under different datasets by theoretical 

explanations and experiments. Additionally, other optimization strategies and their analysis is also 

provided. 

2. Backgrounds 

2.1 t-distributed stochastic neighbor embedding 

Suppose we have a 𝑑 -dimensional dataset 𝒳 = {𝑥𝑖}𝑖=1
𝑁 ⊂ ℝ𝑑  of size 𝑁 , t-SNE is a method of 

finding the corresponding low dimensional embedding 𝒴 = {𝑦𝑖}𝑖=1
𝑁 ⊂ ℝ𝑠  with as much information 

preserved as possible.[1] The affinity between a pair of points(𝑥𝑖, 𝑥𝑗) in 𝒳 is given by the conditional 

probability of 𝑥𝑖 given 𝑥𝑗: 
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𝑝𝑖|𝑗 =
𝑒𝑥𝑝(−||𝑥𝑖−𝑥𝑗||2/2𝜎𝑖

2)

∑ 𝑒𝑥𝑝(−||𝑥𝑖−𝑥𝑘||2/2𝜎𝑖
2)𝑘≠𝑖

, with 𝑝𝑖|𝑗 = 0 and 𝑝𝑖𝑗 =
𝑝𝑖|𝑗+𝑝𝑗|𝑗

2𝑁
           (1) 

In the definition above, the 𝜎𝑖′𝑠 are the bandwidth of the Gaussian kernels, which are given so the 

perplexity of 𝑃𝑖 matches a given value. The 𝑃𝑖’s are the conditional probability distribution of all the 

other points given 𝑥𝑖 . We can also define the affinity of corresponding lower-dimensional 

counterparts of 𝑥𝑖, 𝑥𝑗 (𝑦𝑖 , 𝑦𝑗) using t-distribution. 

𝑞𝑖𝑗 =
(1+||𝑦𝑖−𝑦𝑗||2)−1

∑ (1+||𝑦𝑘−𝑦𝑙||2)−1
𝑘≠𝑙

, 𝑞𝑖𝑖 = 0                        (2) 

The coordinates of the 𝑦𝑖’s are determined by optimizing the Kullback-Leibler divergence between 

𝑃 and 𝑄(the joint distributions) 

𝐶(𝜀) = 𝐾𝐿(𝑃||𝑄) = ∑ 𝑝𝑖𝑗𝑖≠𝑗 𝑙𝑜𝑔(
𝑝𝑖𝑗

𝑞𝑖𝑗
)                      (3) 

Note that 𝐶(ℰ)  is not necessarily convex, so we minimize it by gradient descent method with 

gradient: 

𝜕𝐶

𝜕𝑦𝑖
= 4 ∑ (𝑗≠𝑖 𝑝𝑖𝑗 − 𝑞𝑖𝑗)𝑞𝑖𝑗𝑍(𝑦𝑖 − 𝑦𝑗),                      (4) 

and 𝑍 is a normalizing constant 

𝑍 = ∑ (𝑘≠𝑙 1+∥ 𝑦𝑘 − 𝑦𝑙 ∥2)−1.                        (5) 

Notice that 
𝜕𝐶

𝜕𝑦𝑖
 can be split into two parts in terms of the repulsive forces and attractive forces 

between each points: 

1

4

𝜕𝐶

𝜕𝑦𝑖
= ∑ 𝑝𝑖𝑗𝑗≠𝑖 𝑞𝑖𝑗𝑍(𝑦𝑖 − 𝑦𝑗) − ∑ 𝑞𝑖𝑗

2
𝑗≠𝑖 𝑍(𝑦𝑖 − 𝑦𝑗) = 𝐹attr,𝑖 − 𝐹rep,𝑖.         (6) 

2.2 Multiple maps t-SNE 

While t-SNE is able to visualize objects as points in a low-dimensional metric map, it is limited by 

the metric space. These limitations prevent multi-dimensional scaling from faithfully representing 

non-metric similarity data, such as word associations or event co-occurrences. mm-tSNE is an 

extension of t-SNE. It constructs multiple mappings 𝑀 to visualize non-metric pairwise similarity of 

the matrix, thereby alleviating the limitation of one single metric map. [2] 

By the characteristics of the input similarity matrix 𝑃 in higher-dimensional spaces, we normalize 

the original similarity matrix 𝐴 so that 𝑃 is symmetric, non-negative and sums up to one. The data 

points in two-dimensional space are also represented by 𝑞𝑖𝑗, which is the similarity between 𝑖 and 𝑗 

in the visualization, as the weighted sum of the pairwise similarities between the points corresponding 

to the input objects 𝑖  and 𝑗 , across all 𝑀  maps. The similarity matrix among all points in the 

mapping 𝑚 can be expressed as 

𝑞𝑖𝑗 =
∑ 𝜋𝑖

(𝑚)
𝑚 𝜋𝑗

(𝑚)
(1+||𝑦𝑖

(𝑚)
−𝑦𝑗

(𝑚)
||2)−1

∑ ∑ 𝜋
𝑘
(𝑚′)

𝑘≠𝑙𝑚′ 𝜋
𝑙
(𝑚′)

(1+||𝑦
𝑖
(𝑚′)

−𝑦
𝑗
(𝑚′)

||2)−1
,                   (7) 

here 𝑦(𝑚) represents the low-dimensional model of object i in map m, and 𝜋𝑖
(𝑚)

 is known as the 

weight, it measures the importance of point 𝑖 in map 𝑚. 

𝜋𝑖
(𝑚)

: =
𝑒

−𝜔
𝑖
(𝑚)

∑ 𝑒
−𝜔

𝑖
(𝑚)

𝑚′

.                            (8) 
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 Then we add a Laplacian regularization term to the cost function C(Y), 

𝐶(𝑌) = 𝐾𝐿(𝑃||𝑄) = ∑ ∑ 𝑝𝑖𝑗𝑗𝑖 log
𝑝𝑖𝑗

𝑞𝑖𝑗
+ 𝜆𝜋𝑇𝐿𝜋,                  (9) 

where 𝐿 = (𝑑𝑖𝑎𝑔(∑ 𝑝𝑖𝑗𝑖 ) − 𝑃𝑖𝑗). And subsequently we can solve this new objective function by 

calculating gradient. The advantage of Laplacian regularization is that it adopts clustering structures 

of variables and provides more sparsity to the estimated parameters. 

 
𝜕𝐶(𝑌)

𝜕𝛾
𝑖
(𝑚) = 4(1 − 𝜆) ∑

𝜕𝐶(𝑌)

𝜕𝑑
𝑖𝑗
(𝑚)𝑗 (𝛾𝑖

(𝑚)
− 𝛾𝑗

(𝑚)
),                    (10) 

where 𝑑𝑖𝑗
(𝑚)

= ||𝑦𝑖
(𝑚)

− 𝑦𝑗
(𝑚)

|| 

𝜕𝐶(𝑌)

𝜕𝜋
𝑖
(𝑚) = ∑ (𝑗

2

𝑞𝑖𝑗𝑍
(𝑝𝑖𝑗 − 𝑞𝑖𝑗))𝜋𝑗

(𝑚)
(1 + 𝑑𝑖𝑗

(𝑚)
)−1 + 𝜆𝐿𝜋,              (11) 

where 𝑍 = ∑ ∑ ∑ 𝜋𝑚
𝑚𝑙≠𝑘𝑘 𝜋𝑘

𝑚(1 + 𝑑𝑘𝑙
𝑚). 

3. Optimizations for t-SNE 

3.1 LargeVis 

LargeVis, published by [3], is a significant improvement over traditional t-SNE algorithm. The 

traditional t-SNE first compute a K-NN graph (K-nearest-neighbor graph) and then visualizes it in a 

low dimensional space(usually 2 to 3 dimensions). LargeVis made great improvement over the above 

two steps. 

We first use the random projection trees to build nearest-neighbor search with the algorithm in [3]. 

Once the K-NN graph is constructed, we shall use principle probabilistic model for visualization of 

the data as presented in [3]. The idea is to preserve the similarities of the vertices in the low-

dimensional space. This means that we want high continuity and high trustworthiness scores. Given 

a pair of vertices (𝑣𝑖, 𝑣𝑗), we define the probability of observing a binary edge 𝑒𝑖𝑗 = 1 to be 𝑃(𝑒𝑖𝑗 =

1) = 𝑓(∥ 𝑦𝑖 − 𝑦𝑗 ∥), where 𝑦𝑖 is the embedding of vertex 𝑣𝑖 in low-dimensional space and 𝑓(⋅) is 

a probabilistic function of ∥ 𝑦𝑖 − 𝑦𝑗 ∥ , usually we use 𝑓(𝑥) =
1

1+𝑎𝑥2  or 𝑓(𝑥) =
1

1+𝑒𝑥𝑝(𝑥2)
. The 

comparison of different 𝑓(⋅)’s can be found in [3]. 

We can extend 𝑃(𝑒𝑖𝑗 = 1) to 𝑃(𝑒𝑖𝑗) = 𝑤𝑖𝑗) = 𝑃(𝑒𝑖𝑗 = 1)𝑤𝑖𝑗 and the likelihood of the graph is: 

𝑂 = ∏ 𝑃(𝑒𝑖𝑗 = 1)𝑤𝑖𝑗
(𝑖,𝑗)∈𝐸 ∏ (1 − 𝑝(𝑒𝑖𝑗 = 1))𝛾

(𝑖,𝑗)∈𝐸                 (12) 

Taking logarithm, we have 

𝑂 ∝ ∑ 𝑤𝑖𝑗 log𝑝(𝑒𝑖𝑗 = 1)(𝑖,𝑗)∈𝐸 ∑ 𝛾log(1 − 𝑝(𝑒𝑖𝑗 = 1))(𝑖,𝑗)∈𝐸 ,              (13) 

where 𝐸 is the set of vertex pairs that are not observed and 𝛾 is an unified weight assigned to the 

negative edges. 

We now need to maximize equation (12), we use negative sampling techniques [4] and rewrite the 

objective function as: 

𝑂 = ∑ 𝑤𝑖𝑗(log𝑝(𝑒𝑖𝑗 = 1)(𝑖,𝑗)∈𝐸 + ∑ 𝐸𝑗𝑘  𝑃𝑛
𝑀
𝑘=1 (𝑗)𝛾log(1 − 𝑝(𝑒𝑖𝑗 = 1))),         (14) 

where 𝑀 is the number of negative sample for each positive edge. Using the approach of edge 

sampling proposed in [5]. With this edge sampling technique, the objective function remains the same 

and the learning process will not be affected by the variance of the weights of the edges. Further 

optimization could be achieved using asynchronous stochastic gradient descent[6] resulting 𝑂(𝑠𝑀𝑁) 
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total run time, where 𝑠 is the dimension of ℝ𝑠, 𝑁 is the number of vertices and 𝑀 is defined above 

as the number of negative samples. 

3.2 Barnes-Hut t-SNE 

Barnes-Hut simulation is an approximation algorithm for performing an n-body simulation, it has 

𝑂(𝑛log𝑛)  running time for a direct-sum algorithm that would have been 𝑂(𝑛2) . [7]. This 

approximation algorithm is useful when approximating the t-SNE gradient. As discussed in section 

2.1, the gradient is split into two parts as 4(𝐹𝑎𝑡𝑡𝑟 − 𝐹𝑟𝑒𝑝), each taking 𝑂(𝑁2) to compute. Proposed 

by [8], we can approximate 𝐹𝑟𝑒𝑝 = ∑ 𝑞𝑖𝑗
2

𝑗≠𝑖 𝑍(𝑦𝑖 − 𝑦𝑗) efficiently in 𝑂(𝑛log𝑛) time using Barnes-

Hut algorithm. 

Given datapoints 𝑦𝑖 , 𝑦𝑗  and 𝑦𝑘  such that ∥ 𝑦𝑖 − 𝑦𝑗 ∥≈∥ 𝑦𝑖 − 𝑦𝑘 ∥≫∥ 𝑦𝑗 − 𝑦𝑘 ∥ , meaning 𝑦𝑗 

contributed to 𝐹𝑟𝑒𝑝 roughly as much as 𝑦𝑘  do. BH-algorithm [7] exploits this in three ways. First, it 

constructs a tree (depending on dimension of the latent space) to represent the embedding space. Then 

it traverse through the tree with DFS. Finally, during traversal, for all nodes in the constructed tree, 

decide whether the node can be used to approximate the contributions to 𝐹𝑟𝑒𝑝 of all children of that 

node. 

For example, in a quadtree (in ℝ2) where each node represents a rectangular cell with a particular 

width, height and center, every non-leaf node has 4 children dividing the cell into four sub-cells. The 

leaf nodes are the cells that only has one or no point from the embedding, where the root node contains 

all points of that embedding. For every nodes, we store the center of mass of points inside the cell, 

𝑦𝑐𝑒𝑙𝑙 , that corresponds to them. The number of all points in the cell, 𝑁𝑐𝑒𝑙𝑙 are also stored in the node. 

Notice that it takes 𝑂(𝑁) time to construct this tree with 𝑂(𝑁) nodes. 

Note that if a cell is adequately small and relatively distant from point 𝑦𝑖 , the contributions of 

−𝑞𝑖𝑗
2 𝑍(𝑦𝑖 − 𝑦𝑗) to 𝐹𝑟𝑒𝑝 would be approximately the same for every points 𝑦𝑗 in that cell. So that all 

contributions made by the cell as a whole may be approximated by −𝑁𝑐𝑒𝑙𝑙𝑞𝑖,𝑐𝑒𝑙𝑙
2 𝑍(𝑦𝑖 − 𝑦𝑐𝑒𝑙𝑙 ), where 

𝑞𝑖,𝑐𝑒𝑙𝑙𝑍 is defined to be (1+∥ 𝑦𝑖 − 𝑦𝑐𝑒𝑙𝑙 ∥2)−1. To approximate 𝐹𝑟𝑒𝑝, we first approximate 𝐹𝑟𝑒𝑝𝑍 =

−𝑞𝑖𝑗
2 𝑍2(𝑦𝑖 − 𝑦𝑗) with DFS. On each node, we determine whether it can summarize all the embedding 

points within a specific cell. In the process of DFS, we can also estimate 𝑍 = ∑ (𝑖≠𝑗 1+∥ 𝑦𝑖 −

𝑦𝑐𝑒𝑙𝑙 ∥2)−1 with similar manner, so that we can now give an approximate of 𝐹𝑟𝑒𝑝 by 𝐹𝑟𝑒𝑝 =
𝐹𝑟𝑒𝑝𝑍

𝑍
. 

The condition to decide whether a cell can summarize all points within it is the folowing: 

 
𝑟𝑐𝑒𝑙𝑙

∥𝑦𝑖−𝑦𝑐𝑒𝑙𝑙∥2 < 𝜃,                              (15) 

where 𝑟𝑐𝑒𝑙𝑙 is the length of diagonal of the cell and 𝜃 is a threshold value. The higher 𝜃 is the less 

accurate and faster the approximation is. Notice that if 𝜃 = 0, resulting the algorithm to be reduced 

to naive algorithm. In this case, the approximation is 100% accurate but the slowest. 

3.3 FIt-SNE 

Fast interpolation-based t-SNE (FIt-SNE) [9] was first invented by Linderman in 2017 and was 

applied to visualize RNA-seq data in 2019. Generally, It interpolates the repel force in partial 

derivatives onto equispaced grid and is accelerated by Fast Fourier Transform (FFT), thus it has 

dramatically reduced the running time from 𝑂(𝑁𝑙𝑜𝑔𝑁) to 𝑂(𝑁) to calculate the gradient at each 

iteration of gradient decent. 

More specifically, suppose we want to convert 𝒳 into s-dimension. We get the repel force of the 

gradients from preliminaries 

𝐹𝑟𝑒𝑝,𝑘(𝑚) = (∑
𝑦𝑙(𝑚)−𝑦𝑘(𝑚)

(1+∥𝑦𝑙−𝑦𝑘∥2)2
𝑁
𝑙=1,𝑙≠𝑘 )/(∑ ∑

1

(1+∥𝑦𝑙−𝑦𝑘∥2)

𝑁
𝑙=1,𝑙≠𝑗

𝑁
𝑗=1 ),       (16) 
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where 𝑦𝑖(𝑗)  denotes the jth component of 𝑦𝑖 ; 𝑘 = 1,2, . . . , 𝑁  and 𝑚 = 1,2, . . . , 𝑠 . Based on 

Equation (16), Linderman extracts kernel 𝜙(𝑦𝑖) = ∑ 𝐾𝑁
𝑗=1 (𝑦𝑖 , 𝑦𝑗)𝑞𝑗 from it. And the kernel 𝐾(𝑦, 𝑧) 

is either 

𝐾1(𝑦, 𝑧) =
1

(1+∥𝑦−𝑧∥2)
 𝑜𝑟 𝐾2(𝑦, 𝑧) =

1

(1+∥𝑦−𝑧∥2)2.                (17) 

for 𝑦, 𝑧 ∈ ℝ𝑠. It is also easy to show that both of the kernel 𝐾1 and 𝐾2 are smooth functions on ℝ𝑠. 

After that, the critical part is to use polynomial interpolants of K to accelerate the computation. 

Suppose we have 𝑦1, . . . , 𝑦𝑀 ∈ (𝑦0, 𝑦0 + 𝑅) and 𝑧1, . . . , 𝑧𝑀 ∈ (𝑧0, 𝑧0 + 𝑅), each interval is denoted 

as 𝐼𝑦0
 and 𝐼𝑧0

 respectively. We can formulate the interpolants of kernels 𝐾 as 𝐾𝑝 on intervals 𝐼𝑦0
 

and 𝐼𝑧0
   

𝐾𝑝(𝑦, 𝑧) = ∑ ∑ 𝐾
𝑝
𝑗=1

𝑝
𝑙=1 (𝑦

𝑗
, �̃�𝑙)𝐿𝑗,�̃�𝐿𝑙,�̃�(𝑧),                  (18) 

where 𝐿𝑗,�̃� and 𝐿𝑙,�̃�(𝑧) are Lagrange polynomials, 

𝐿𝑙,�̃�(𝑦) = ∏ (
𝑝
𝑗=1,𝑗≠𝑙 𝑦 − 𝑦

𝑗
) / ∏ (

𝑝
𝑗=1,𝑗≠𝑙 𝑦

𝑙
− 𝑦

𝑗
)                (19) 

and 

𝐿𝑙,�̃�(𝑧) = ∏ (
𝑝
𝑗=1,𝑗≠𝑙 𝑧 − �̃�𝑗) / ∏ (

𝑝
𝑗=1,𝑗≠𝑙 �̃�𝑙 − �̃�𝑗).                (20) 

p is a positive integer, 𝑦
1

, . . . , 𝑦
𝑝
 and �̃�1 , . . . , �̃�𝑝  and a collection of 2𝑝 points on interval 𝐼𝑦0

 and 

𝐼𝑧0
 and 𝐾𝑝(𝑦, 𝑧) is satisfying 

𝐾𝑝(𝑦
𝑗

, �̃�𝑙) = 𝐾(𝑦
𝑗

, �̃�𝑙), 𝑗, 𝑙 = 1,2, . . . , 𝑀.                   (21) 

Then, combined with Equation (18), the approximation of 𝜙(𝑦𝑖) can be expressed as 

�̃� (𝑦𝑖) = ∑ 𝐾𝑝
𝑁
𝑗=1 (𝑦𝑖 , 𝑧𝑗)𝑞𝑗 .                        (22) 

Now, based on Equation (18) and (22) which are the polynomial interpolants on 𝐼𝑦0
 and 𝐼𝑧0

, 

Linderman goes further to the general space [𝑦𝑚𝑖𝑛 , 𝑦𝑚𝑎𝑥] by subdividing it into 𝑁𝑖𝑛𝑡 intervals of 

equal length and each intervals will have exactly 𝑝  equispaced nodes inside. And the total 

computational complexity to calculate them is 𝑂(𝑁𝑝 + (𝑁𝑖𝑛𝑡𝑝)𝑙𝑜𝑔(𝑁𝑖𝑛𝑡𝑝)). Since the choice of 

𝑁𝑖𝑛𝑡 and 𝑝 is independent of the number of points 𝑁 and only depends on some specific accuracy 

tolerance 𝜖, the complexity can be reduced to 𝑂(𝑁). 

Through experiment, there are some facts related to the choice of 𝑝 and 𝑁𝑖𝑛𝑡 worth to be mentioned. 

Firstly, Increasing 𝑝 will reduce the number of intervals 𝑁𝑖𝑛𝑡 required to reach the same level of 

accuracy in the computation. However, solely increasing 𝑝 will lead to the raise of computation cost 

because with the number of points 𝑁  increase and the number of intervals 𝑁𝑖𝑛𝑡  decrease, 

computation cost will become independent of 𝑁𝑖𝑛𝑡 and reduced to a function of 𝑝. Besides, it is 

observed that for 𝑝 ≥ 3, 𝑁𝑖𝑛𝑡𝑝 remains nearly constant for a fixed performance level. Consequently, 

it is optimal to use 𝑝 = 3 for all t-SNE calculations. Moreover, their simulation with 𝑝 = 3 and 

𝑁𝑖𝑛𝑡 = 𝑚𝑎𝑥{50, ⌈𝑦𝑚𝑎𝑥 − 𝑦𝑚𝑖𝑛⌉}  has the same performance as Barnes–Hut approximation with 

(𝜃 = 3). 

3.4 t-SNE CUDA 

T-SNE CUDA algorithm[10] is a fully GPU-based t-SNE implementation method, that enables 

researchers to examine the structure of higher-dimensional data points effectively and reduce the 

burden of data and model calculations in modern machine learning tasks. The algorithm employs the 
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FAISS-library, an efficient and simple GPU similarity search library. It is designed for extremely 

large scale data, so it’s extremely helpful when it comes to mega-datasets. 

Database vectors 𝑦 are written as 

𝑦 ≈ 𝑞(𝑦) = 𝑞1(𝑦+𝑞2(𝑦 − 𝑞1(𝑦))                     (23) 

with 𝑞1 and 𝑞2 being quantization functions. 𝑞1 is a coarse quantizer, while 𝑞2 is used to encode a 

more refined approximation of the residuals. Then we can construct the K-NN problem as follows: 

𝒩𝑥 = 𝑘 − argmin𝑦∈𝑁∥∥𝑥 − 𝑦𝑖 ∥∥,                      (24) 

which is an approximate asymmetric distance problem. 

The algorithm first compute 𝒩𝑥
𝐼𝑉𝐹 where 

𝒩𝑥
𝐼𝑉𝐹 = 𝜏 −argmin 𝑐∈𝒞 ∥ 𝑥 − 𝑐 ∥,                     (25) 

providing a rough approximation of coordinates of point 𝑥 in terms of “centroids” in 𝒞. Then, the 

nearest neighbors are construct as follows: 

𝒩 = 𝑘 −argmin 𝑦∈N|𝑞1(𝑦)∈𝒩𝑥
𝐼𝑉𝐹 ∥ 𝑥 − 𝑞(𝑦) ∥,                (26) 

By storing the reversed indices and grouping the vectors around the centroid, we can search by linear 

scanning a 𝑂(𝜏) reverse list. For implementation, select |𝐶| = √𝑁 and use k-Means algorithm to 

train the vector 𝒞. Therefore, 𝑞1 is the identity number of the nearest centroid. 𝑞1 is more accurate 

and uses product quantization, where vector 𝑦 are treated as a set of quantized sub-vectors. 𝜏 is a 

parameter defined by user to control the accuracy of the K-Nearest-neighbor-algorithm. As soon as 

the k-Nearest neighbor is calculated, a sparse matrix 𝑃𝑖𝑗, that stores non-zero value of 𝑝𝑖𝑗 , may also 

be computed. Then the gravity can be effectively calculated by its decomposition into matrix 

operations. Let 𝑄𝑖𝑗  be the matrix of the 𝑝𝑖𝑗  values and Y represent the 𝑁 × 2 matrix of the midpoint 

in the low dimensional space. In addition, let O be an 𝑁 × 2 matrix and denote ⊙ as the Hadamard 

product of two matrices. We first assign the multiplication of 𝐹𝑎𝑡𝑡𝑟 giving: 

𝐹𝑎𝑡𝑡𝑟 = 4𝑁𝑦𝑖 ∑ 𝑝𝑖𝑗𝑗 𝑞𝑖𝑗 − 4𝑁 ∑ 𝑝𝑖𝑗𝑗 𝑞𝑖𝑗𝑦𝑗,                    (27) 

𝐹𝑎𝑡𝑡𝑟 = 4𝑁 ((𝑃𝑖𝑗 ⊙ 𝑄𝑖𝑗)𝑂 ⊙ 𝑌 − (𝑃𝑖𝑗 ⊙ 𝑄𝑖𝑗)𝑌).                (28) 

Since we only need to compute 𝑃 ⊙ 𝑄 once, the equation is essentially a matrix subtraction, two 

matrix-matrix multiplications and two Hadamard products. We can represent 𝑃𝑖𝑗 as a sparse matrix 

with a non-zero value at 𝑖, 𝑗 if i and j are neighborhood. When calculating matrix multiplications, we 

can use cuSPARSE, so that the entire algorithm runs in 𝑂(𝑁𝐾) time. 

4. Anchor-t-SNE 

4.1 Overview 

The Anchor-t-SNE was proposed by [11] to achieve two goals: 1) preserve the local as well as the 

global structure during the dimension reduction; 2) utilize full power of GPUs. 

1) In previous approaches, as pointed out in , the similarity between any pairs of points can be written 

as attracting and repelling forces between them and “each point only receives the pulling forces from 

the nearest neighbors.” However, this measure only represents local information [11]. Extending this 

idea, used K-means clustering center as anchor points, serving as a skeleton of the layout, and the 

global structure is preserved since the forces among anchor points can help keep the points under the 

skeleton in shape. At the mean time, pulling forces exerted on ordinary points can transfer the global 
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information top-down and the pulling forces between ordinary points are modeled in order to preserve 

the local structure. 

2) The Inverted Files[12] algorithm is used for constructing the K-NN graph, which occupies only 

𝑂(𝑁) space and hence very GPU-friendly. 

4.2 Preliminaries 

In addition to section 2.1, we introduce 𝒜 and ℬ to be the collections of anchor points in ℝ𝑑 and 

its counterpart in ℝ𝑠. 𝒜 and ℬ are the K-means center(may be chosen to in other ways). Let 𝑃(𝒜) 

and 𝑄(ℬ) be the distributions of 𝒜 and ℬ. In order to preserve the global information, we need to 

minimize the 𝐾𝐿(𝑃(𝒜)||𝑄(ℬ)) term, giving us the cost function to be: 

𝐶 = ∑𝐾𝐿(𝑃(𝒳)||𝑄(𝒴)) + ∑𝐾𝐿(𝑃(𝒜)||𝑄(ℬ)) + ∑ ∥𝑖 𝑏𝑖 −
∑ 𝑦𝑘𝑦𝑘∈𝐶𝑏𝑖

|𝐶𝑏𝑖
|

∥, 𝑏𝑖 ∈ ℬ,     (29) 

where 𝐶𝑏𝑖
 in the cluster of points whose K-means cluster center is 𝑏𝑖. Intuitively, if the cluster 𝐶𝑎𝑖

 

has center 𝑎𝑖 , then the cluster 𝐶𝑏𝑖
 having center 𝑏𝑖  should be exactly the 𝐶𝑎𝑖

’s low-dimensional 

counterpart. 

4.3 Algorithm 

provided a two-layered (global and local) hierarchical optimization algorithm for the cost function 𝐶 

in a top-down manner. The global layer and local layer are optimized alternatively. On one hand, we 

find optimized structure of the anchor points while fixing the structure of the ordinary points. On the 

other hand, we find optimized structure of ordinary points while fixing the structure of the anchor 

points. Specifically, the algorithm [11] for optimization is the following: 

1 Use K-means clustering to generate the anchor points. 

2 Use the anchor points to construct inverted files. 

3 Build the K-NN graph with both anchor and ordinary points. 

4 Project anchor points into low dimensional space until the layout is stable, so that we can make the 

optimization more efficient by having a better initial structure. 

5 Map ordinary points into the corresponding lower-dimensional space around their respective 

adjacent anchor points. 

6 Fix ordinary points and optimize KL(𝑃(𝒜)||𝑄(ℬ) using the SGD-algorithm. 

7 Fix anchor points and optimize KL(𝑃(𝒜)||𝑄(ℬ) using the SGD-algorithm. 

8 With the new coordinates of ordinary points, we replace the anchor points in lower-dimensional 

space by the new K-means centers. 

9 Iterate from E-H until convergence. 

The time complexity of AtSNE are mostly determined by two parts, the building of K-nearest-

neighbor graph as well as the projection step. The first one takes 𝑂(𝑛𝒳𝑑(𝑛𝒜 + 𝑛𝒜𝑙) + 𝑛𝑘𝒳log𝑛𝒜𝑙), 

where 𝑑 is the dimension as in ℝ𝑑, 𝑛𝒳 is the number of points in 𝒳, 𝑛𝒜  is the number of anchor 

points in 𝒜. Notably, 𝑙 is the average number of points within a inverted list in the IVF algorithm 

and 𝑘𝒳  is a hyper-parameter. The projection step takes 𝑂(𝑡𝑛(𝑛𝒳 + 𝑛𝒜 + 𝑛𝑅)), where 𝑛𝑅  is the 

number of random sampled non-neighbor points specified in [11] and 𝑡 is the number of iterations, 

so the time complexity for projection is 𝑂(𝑛). This is the same as LargeVis but AtSNE preserves 

much better global structure. 

5. Test results 

We have tested the above five different algorithms: Barnes-Hut t-SNE, LargeVis, tsne-cuda, Anchor-

t-SNE, Flt-SNE by using seven benchmark dataset, which has been pre-processed by Anchor-t-SNE 

[11], on a server with Intel Xeon W-3175X CPU(28 Cores and 56 Threads, 32 threads used), Nvidia 
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RTX 2080Ti GPU (for testing tsne-cuda and Anchor-t-SNE) and 128GB DDR4 2400 RAM. Detailed 

results are shown in the table below. Tested version of LargeVis, BH-t-SNE and TSNE-CUDA 

are[feb8121](https://github.com/lferry007/LargeVis/tree/feb8121e8eb9652477f7f564903d189ee663

796f), [62dedde] (https:// github.com/DmitryUlyanov/Multicore-TSNE/tree/62dedde52469f3a0aeb 

22fdd7bce2538f17f77ef) and [efa2098] (https://github.com/CannyLab/tsne-cuda/tree/ efa209834879 

bba88814e74d7062539f4de07cc2) respectively. FIt-SNE was implementation from https://github. 

com/KlugerLab/FIt-SNE. 

 

 

 

From the table above, we note that different algorithm has divergent effects on different datasets. 

Using the result of LargeVis as a reference, we can conclude that Anchor-t-SNE has the fastest speed 

and the lowest memory usage among the five algorithms, Flt-SNE has the highest 10-NN accuracy, 

tsne-cuda also has excellent time and space complexity, but it may crash in the face of datasets with 

a larger amount of data (which is also possible for the version problem). The two CPU-based 

algorithms, Barnes-Hut-SNE and LargeVis, can not complete the computational task quickly, but also 

consume a lot of memory. 

6. Additional strategies and possible further optimizations 

6.1 Adaptive Learning Rate Algorithm 

In the process of optimizing the target loss function, the learning rate is one of the hard-to-set 

hyperparameters, which has a significant impact on the visual performance of the model. The loss is 

usually sensitive to some directions in the parameter space, but not to other directions. Traditionally, 
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a fixed learning rate is used to evaluate the gradient of each parameter iteration. A single learning rate 

is not suitable for all gradient search directions, and the loss function is usually more sensitive to 

certain directions in the parameter space. For example, A high learning rate will have a good effect 

on the direction of low curvature, but it will deviate from the direction of high curvature. Although 

the momentum method alleviates these problems to a certain extent, it does not solve this problem 

well. In this case, if it is believed that the direction sensitivity is axis-aligned to some extent, then 

each parameter sets a different learning rate, and it is very important to set the learning rate adaptively 

when optimizing the target loss function. In general, the problem can be solved by optimizing t-SNE 

with multiple maps [2,13], and let the leaning rate be adaptive according to the curvature. [3]. 

6.2 Adaptive gradient method 

AdaGrad algorithm independently sets the learning rate of each model parameter in the optimization 

process. It adds element-wise scaling of the gradient based on the historical sum of squares in each 

dimension. This means that we keep a running sum of squared gradients. Then, we adjust the learning 

rate by dividing the learning rate by this sum. 

Algorithm 2: AdaGrad(𝜎, 𝑌, 𝜂) 

1. Input: constant 𝝈, initial parameter Y, initial learning rate 𝜼 

2. 𝑟 ← 0; (initial accumulation variables) 

3. While 1 do 

a) 𝑔 ←
𝜕𝐶(𝑌)

𝜕
(𝑌(𝑡−1)); (calculate gradient) 

b) 𝑟 ← 𝑟 + 𝑔𝑜𝑔; (accumulate gradient) 

c) Δ𝑌 ← −
𝜂

√𝑟+𝜎
𝑔; (calculate velocity updates) 

d) 𝑌(𝑡) = 𝑌(𝑡) + Δ𝑌; (apply update) 

6.3 RMSProp 

According to Laurens[1], the learning rate in original tsne algorithm is updated after every iteration 

by means of the adaptive learning rate scheme described by Jacobs[14]. The algorithm in [14] can 

solve part of the learning rate problems, but RMSProp is better in solving Nonconvexity problems 

and is more likely to achieve the global minimum value.  

RMSprop looks similar to the AdaGrad method. The only difference is that with RMSprop, we still 

retain the estimate of the square gradient, but instead of letting the estimate accumulate during training, 

we retain the moving average of that value. 

6.4 mm t-SNE regularization based on RMSProp 

The algorithm learns the loss function, so that the step size of the iteration is set adaptively during the 

algorithm iteration process, and by using the curvature information to update the gradient calculated 

in each iteration, the algorithm can reach the local optimal value faster and better during the iteration 

process. The time complexity of the algorithm has been reduced from 𝑂(1/𝑘) to 𝑜(1/𝑘2).  

Algorithm 3: mm t-SNE regularization(𝜌, 𝜇, 𝜎) 

1. Input: decay rate 𝝆, constant 𝝈, momentum coefficient 𝝁 

2. 𝑟 ← 0; (initial accumulation variables) 

3. While 1 do 

a) 𝑌(𝑡−1) ← 𝑌(𝑡−1) + 𝜇𝑣(𝑡−1); (calculate temporary upgrade) 

b) 𝑔 ←
𝜕𝐶(𝑌)

𝜕
(𝑌(𝑡−1)); (calculate gradient) 

c) 𝑟 ← 𝜌𝑟 + (1 − 𝜌)𝑔𝑜𝑔; (accumulate gradient) 

d) 𝑣′ = 𝜇𝑣(𝑡−1) −
𝜂

√𝑟+𝜎
𝑔; (calculate velocity updates) 

e) 𝑌(𝑡) = 𝑌(𝑡) + 𝑣′; (apply update) 
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6.5 Sampling method 

[15] has proposed another way to speed up the training of t-SNE through downsampling the whole 

training dataset. Generally, the main idea is that by doing vanilla t-SNE only on sampled high-

dimensional data, it has been shown that it indeed saves a large amount time in t-SNE’s every step 

instead of accelerate only one part of it. Then it uses k-nearest neighborhood regression to learning 

how to transform the unsampled high-dimensional data to low-dimensional based on sampled data. 

Different sampling methods are compared with the performance of traditional random sampling. 

6.6 Random walking sampling 

Proposed in [16], Random walking sampling of a point is to select a starting point for the random 

walk and perform a length-L random walk based on the transition matrix �̃�. When L goes to infinity, 

the sampled subset are the points in the stationary distribution with highest probability. 

This comes the same while sampling high-dimension data 𝒳. When choosing one subsequent data 

point, the random walking algorithm is supposed to translate the distance 𝑑𝑖𝑗 between the current 

point point (state) 𝑥𝑖 and remaining points (states) 𝑥𝑗 into probabilities 𝑝
𝑖𝑗

 (Note: here 𝑝
𝑖𝑗

 has no 

relation with the 𝑝𝑖𝑗  in preliminaries). In other words, transition matrix �̃� needs to be defined first. 

There are two ways to define it. One way is to use the normalized inverse of the euclidean distance 

of each points. That is 

𝑝
𝑖𝑗
1 =

𝑐

∥𝑥𝑖−𝑥𝑗∥+𝜖
,                              (30) 

where c is scaling constant and 𝜖 is used to avoid zero division. 

Another way to do random walking is let 𝑝
𝑖𝑗

 exactly equal to 𝑝𝑖𝑗 , which is 

𝑝
𝑖𝑗
2 = 𝑝𝑖|𝑗 =

𝑒𝑥𝑝(−||𝑥𝑖−𝑥𝑗||2/2𝜎𝑖
2)

∑ 𝑒𝑥𝑝(−||𝑥𝑖−𝑥𝑘||2/2𝜎𝑖
2)𝑘≠𝑖

                     (31) 

It can be observed that both 𝑝
𝑖𝑗
1

 and 𝑝
𝑖𝑗
2

 tend to be bigger while ∥ 𝑥𝑖 − 𝑥𝑗 ∥ goes smaller. That 

means the algorithm is designed to walk along one cluster to another cluster. Generally, we can 

customise the transition matrix �̃� through pre-define the metric 𝑑(𝑥𝑖, 𝑥𝑗) on space 𝒳. 

Based on that, stationary distribution 𝜋 according to the transition matrix �̃� can be found. Buljan 

states it is meaningful to sample the raw data from stationary distribution since it represents the points 

random walking algorithm visited in most time. 

6.7 Hubness sampling 

Hubness is novel concept which mainly focuses on the tendency of high-dimensional data to contain 

points (hubs) that frequency occur in the other points and it is first published on Tom�̆�ev’s paper [17]. 

More specifically, the hubness of a point 𝑥𝑖 equals to the k-occurrence 𝑁𝑘(𝑥𝑖) of point 𝑥𝑖, i.e., the 

number of 𝑥𝑖 occur in k-nearest-neighborhood of the other points in 𝒳. Thus, hubness seems to be 

a good measure of point centrality and top 𝑝 percent of the raw data 𝒳 (ranked according to hubness) 

is sampled deterministically. 

7. Conclusion 

In the work, we have initially looked at the two variants of t-SNE, namely, the t-SNE and the multiple 

maps t-SNE. We have then investigated algorithms that are most commonly used for optimizing t-

SNE: as well as different algorithms to optimize it. Specifically, LargeVis, Barnes-Hut t-SNE, FIt-

SNE, t-SNE-CUDA and Anchor-t-SNE. Finally, we have considered other strategies to improve the 

result of t-SNE such as adaptive learning ate algorithm and using random walk sampling method for 

optimizing t-SNE. 
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