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Abstract 

Mutual information can measure the degree of mutual dependence between two 
variables, and is not limited to linear relationships. According to the characteristics of 
mutual information that can measure the nonlinear relationship between two variables, 
it is proposed to apply mutual information to feature selection algorithms. By combining 
mutual information with the principal component analysis method in the feature 
selection algorithm, the problem that principal component analysis cannot evaluate the 
nonlinear relationship between variables is effectively solved. The eigenvalue of the 
mutual information matrix is used as the evaluation criterion to determine the number 
of principal components. And measure the effect of principal component analysis feature 
selection. 
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1. Introduction 

Feature selection [1] is a preprocessing of classification problems. People began to study feature 

selection algorithms in the 1960s. The basic task of feature selection is to find out those effective 

features that can reflect the differences between different categories. It involves many fields, such as 

machine learning, pattern recognition [2], data mining [3], artificial intelligence, etc [4]. At first, when 

researching the problem, I wanted to obtain as many features as possible, and less features were not 

good for modeling. However, as the complexity of research objects increases, the difficulty increases, 

and the level of information acquisition improves, the amount of available data becomes larger and 

larger, and high-dimensional data becomes common. High-dimensional data is likely to cause 

"dimensional disasters" [5]. " Overfitting" not only increases the computational complexity, but the 

redundancy between features will also affect the classification effect. Therefore, it is necessary to 

study the feature selection algorithm to reduce the amount of data calculation. 

Feature selection is a method of data preprocessing, which uses certain evaluation criteria to select a 

subset of features from the original feature space. Research on feature selection is also in full swing. 

So far, researchers have defined feature selection from multiple perspectives such as whether the 

feature subset can identify targets, whether it reduces the prediction accuracy, and whether it will 

change the distribution of the original data class [6, 7, 8, 9]. 

Feature selection is to select features related to the research problem or system from the original 

feature space, and delete irrelevant features, redundant features, and noise. The features selected by 

feature selection have the same physical meaning and are more representative. In recent years, feature 

selection has received widespread attention, and has been applied in the fields of gene expression 

data, computer vision, bioinformatics, and target recognition [10]. 

In the field of information theory, mutual information is a very useful information measure, which 

can be used to explain the amount of information contained in one random variable in another random 

variable [11]. Mutual information is a way to measure the correlation between two variables. It is not 

limited to a purely linear relationship, but can also evaluate the non-linear relationship between 
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variables. Mutual information is a non-parameter, non-linear measurement index. At present, it has 

attracted more attention in the field of data analysis and modeling [12, 13]. In addition, in the field of 

multivariate statistical process monitoring, there are also some research results that draw on mutual 

information analysis and process process data [14, 15]. 

Principal component analysis [16] is a feature selection method proposed by Pearson et al., which 

converts the data set from the original space to the principal component space, that is, the original 

data is projected into a space smaller than the original one, and each principal component in the 

principal component space Indicates a new feature that is effective after conversion. Calculate the 

covariance matrix or correlation matrix of the data set, and use the eigenvalue of the matrix to 

determine the dimension of the principal component. 

Before the principal component analysis is performed, the data is generally standardized. Without the 

influence of different dimensions, the correlation between the calculation variables is transformed 

into the covariance between the calculation variables, but this correlation cannot measure the 

nonlinearity between the variables Relationships can only measure linear relationships. The 

measurement of mutual information is not limited to linear relationships. Mutual information 

measures the degree of mutual dependence between two variables. It is a non-parametric and non-

linear standard. In this paper, mutual information is applied to the feature selection algorithm and 

combined with principal component analysis. This method calculates the principal components from 

the perspective of mutual information and provides more information about the relationship between 

features. 

2. Mutual Information 

In probability theory and information theory, the mutual information or transition information of two 

random variables is a measure of the mutual dependence between variables. Mutual information 

represents the amount of information shared between two variables. If two random variables are given, 

X and Y, 𝑝(𝑥), 𝑝(𝑦) are the respective marginal probability distributions of X and Y, 𝑝(𝑥,𝑦) is their 

joint probability distribution, then the mutual information between them 𝐼(X;Y) is defined as: 

𝐼(𝑋; 𝑌) = ∑ ∑ 𝑝(𝑥, 𝑦) 𝑙𝑜𝑔
𝑝(𝑥,𝑦)

𝑝(𝑥)𝑝(𝑦)𝑦𝑥                              (1) 

The calculation result of mutual information is non-negative. When the result is 0, it means that the 

variables X and Y are completely unrelated or independent of each other, and the mutual information 

is minimal, which means that there is no overlapping information between the two variables; on the 

contrary, the value of mutual information The larger the value, the higher the degree of mutual 

dependence between the two, the greater the value of mutual information, and the more the same 

information contained. 

Intuitively speaking, mutual information measures the information shared by X and Y: it measures 

the degree to which one of these two variables is known to reduce the uncertainty of the other. For 

example, if X and Y are independent of each other, you know that X does not provide any information 

to Y, and vice versa, so their mutual information is zero. Conversely, if X is a deterministic function 

of Y and Y is also a deterministic function of X, then all the information passed is shared by X and 

Y. 

3. Principal component analysis feature selection algorithm based on mutual 

information 

3.1 Principal component analysis. 

Principal component analysis (PCA) is also called principal component analysis. It uses orthogonal 

vectors to project the source data into a space smaller than the original one to achieve dimensionality 

reduction. The goal of principal component analysis is to transform multiple related variables into a 

few comprehensive variables. These comprehensive variables must reflect most of the information of 

the original variables, and the new characteristics that are transformed are the principal components. 
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Assuming the sample data set X on the feature space Rn, each data X is composed of 𝑛-dimensional 

feature variables (x1, x2,…,xn). The principal component analysis method performs a linear 

transformation on 𝑥 and converts it to the principal component space The data 𝑦 in Rn, each data 𝑦 

consists of 𝑚-dimensional principal components, namely (y1, y2, …, yn), there is: 

y = A′x                                          (2) 

The 𝑘 element in yk represents the k principal component, k=1, 2,⋅⋅⋅,𝑚,𝑚⩽𝑛. From the Kth column 

vector αk of matrix A, we can get: 

𝑦𝑘 = 𝛼𝑘
′ 𝑥                                       (3) 

According to the requirement of the principal component, the principal component 𝛼1
′𝑥 meets the 

variance maximization requirement in this direction var[𝛼1
′𝑥], there is: 

var[𝛼1
′𝑥] = 𝛼1

′ ∑𝛼1                                 (4) 

Σ represents the covariance of x, and is sometimes replaced by cross-correlation. Since the vector α1 

is not unique, certain restrictions need to be added. Generally, 𝛼1
′𝛼1 = 1 is required. Note that the 

results obtained by other restrictions such as max|𝛼1| = 1  are different from the principal 

components. 

Using the Lagrangian factor method to solve α1, maximize  𝛼1
′ ∑𝛼1 − 𝜆(𝛼1

′𝛼1 − 1), which can be 

derived: 

(Σ−𝜆𝐼𝑛)𝜆1=0.                                     (5) 

Where In is the unit matrix of 𝑛×𝑛. Therefore, 𝜆 is the variance in the principal component direction 

α1, and 𝜆 is the largest eigenvalue of Σ, and α1 is the corresponding eigenvector. The solution of α2 

is similar to α1, plus one Limit, α1x has nothing to do with α2x, that is: 

cov[𝛼1
′𝑥, 𝛼2

′𝑥] = 𝛼1
′ ∑𝛼2 =𝛼2

′ ∑𝛼1 = 𝛼2
′𝜆1𝛼1 = 𝜆1𝛼2

′𝛼1 = 0             (6) 

That is,  𝛼2
′𝛼1 = 0. Using the Lagrangian factor method to obtain the eigenvector corresponding to 

the eigenvalue α2 is the second largest eigenvalue. By analogy, each principal component is the 

eigenvector corresponding to the eigenvalue of Σ arranged in descending order, so: 

𝐴′Σ𝐴=Λ.                                     (7) 

Among them: 𝐴 is a matrix composed of the eigenvectors of Σ as column vectors, and Λ is a diagonal 

matrix composed of the eigenvalues of Σ. 

Before the principal component analysis, the data is generally standardized, and the processed data is 

subjected to covariance calculation, which is similar to performing correlation calculation. The 

principal component dimension is the overall eigenvalue of the sum of the corresponding eigenvalues 

of the first principal components. The proportion of the sum is determined, and 85%~95% is generally 

selected. 

3.2 Principal component analysis feature selection algorithm based on mutual information. 

The classic feature extraction method of PCA is to calculate the covariance matrix or correlation 

matrix of the process data set, and then use the eigenvector of the matrix to determine the direction 

of the dimensionality reduction projection. Although the PCA method has a clear meaning when used 

to analyze process data, and the steps are not complicated, the calculation of the covariance or 

correlation coefficient between variables can only reflect the linear relationship between the variables, 

and cannot measure the nonlinear relationship between the variables [17]. Therefore, the traditional 

PCA method has great limitations when used to extract data features. 

From the perspective of information theory, mutual information can evaluate the amount of shared 

information between variables. It can not only measure linear relationships, but also has great 

advantages compared with correlation. Therefore, use mutual information to replace covariance or 

covariance in principal component analysis. Relevant, a feature selection method based on principal 

component analysis (MIPCA) based on mutual information is proposed. 
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B′∑ 𝐵𝐼𝑋𝑌 = Λ                                  (8) 

Among them: Σ𝐼𝑋𝑌  is the mutual information matrix of the data set, 𝐵 is the matrix composed of 

eigenvectors (𝛽1, 𝛽2, ⋅⋅⋅, 𝛽n), and Λ is the eigenvalues (𝜇1, 𝜇2, ⋅⋅⋅,n) Diagonal array. The 

following judge whether equation (8) has the characteristics of solution and solution. The diagonal 

element in Σ𝐼𝑋𝑌  represents the self-information of the variable, that is, the information entropy of the 

variable, and the off-diagonal element represents the mutual information between the two variables. 

Both mutual information and information entropy are real numbers. When the two variables are not 

correlated, the mutual information is 0, otherwise it is a positive number, so Σ𝐼𝑋𝑌  is a non-negative 

real number matrix. Mutual information satisfies: 

𝐼(𝑋,𝑌)=𝐼(𝑌,𝑋).                              (9) 

It can be obtained that Σ𝐼𝑋𝑌  is a non-negative real symmetric matrix, the eigenvalues of Σ𝐼𝑋𝑌  are real 

numbers, Λ is a real diagonal matrix, the corresponding eigenvectors are pairwise orthogonal, and 

the matrix 𝐵 is an orthogonal matrix. Based on mutual information The main component is: 

𝑧=𝐵′𝑥.                                 (10) 

The principal component 𝑧k=𝛽k′(𝑘=1,2,⋅⋅⋅,𝑛), and the pairwise orthogonality, meets the principal 

component requirements, 𝛽k is the conversion coefficient of the principal component 𝑧k, referred to 

as the coefficient of the principal component 𝑘. 

Then determine the dimension of the principal component 𝑚. Define the principal component 

contribution rate of MIPCA 𝛿k is the ratio of a single principal component to the total principal 

component information, that is: 

𝜎𝑘 = 𝜇𝑘 ∑ 𝜇𝑘
𝑛
𝑘=1⁄                                (11) 

Where 𝜇k is the largest eigenvalue of the mutual information matrix Σ𝐼𝑋𝑌  in formula (11), which 

represents the amount of information of the principal component. Define the cumulative contribution 

rate of the principal component of MIPCA 𝛿k is the sum of the contribution rates of the first principal 

components, Then there are: 

𝛿𝑘 = ∑ 𝜎𝑖
𝑘
𝑖=1                                   (12) 

Select the first principal components with the sum of contribution rates of 85%∼95% as the new 

feature. 

4. Summary 

This paper applies mutual information to the feature selection algorithm. Aiming at the shortcomings 

of the traditional principal component analysis feature selection algorithm that the correlation matrix 

can only measure the linear relationship between variables, a principal component analysis method 

based on mutual information is proposed for feature selection. Based on the direction of each principal 

component in the principal component space of mutual information, the percentage of the sum of the 

characteristic value and the overall characteristic value represents the proportion of the corresponding 

principal component information, which is used as the criterion for selecting the dimension of the 

principal component. The algorithm calculates the principal components from the perspective of 

mutual information, which can provide more information about the relationship between features. 

Compared with the traditional principal components, the required dimension is reduced, and most of 

the original information is retained. The difference from traditional PCA is that MIPCA defines the 

correlation by calculating the mutual information between the two variables, replacing the original 

correlation matrix with the mutual information matrix, and using the feature vector of the mutual 

information matrix to realize the feature extraction of the process data. 
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