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Abstract 

One improved expression of parameter estimator for Pareto distribution is derived. The 
proposed estimator has the closed-form expression and widens the valid estimation range 
of shape parameter. In order to achieve that, positive fractional order is used. The improved 
estimator solves the problems that the previous estimators cannot get the closed-form 
expression or estimate the valid value of shape parameter in the small range. Simulation 
results show that the proposed estimator can estimate the valid value of shape parameter in 
the small range and have better estimation performance especially in the small range of 
shape parameter. 
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1. Introduction 

Compared with K distribution model, the Pareto distribution is a more dominant statistical clutter 

model when the radar works in the rough sea or against the wind [1-5]. Therefore, in order to improve 

the detection performance in the rough sea, we must improve the accuracy of parameter estimation 

for the sea clutter [6]. 

Besides traditional methods which include maximum likelihood estimator (MLE) [7] and method of 
moment (MoM) [4], there are many research findings of the parameter estimation for Pareto 

distribution in recent years [8-9], such as  more advanced methods which include method of fractional 

moment (MoFM) [10] and x log x-based estimator [4] etc. However, there are still many problems to 

solve. For example, MoFM cannot obtain a closed form expression because Pareto distribution model 

has two parameters: shape parameter and scale parameter. It is inefficient to solve the problem with 

numerical computation. Due to the properties of Digamma function, x log x-based estimator does not 

estimate correctly in the range of shape parameter less than 1, which limits the range of parameter 

estimation. 

In this correspondence, one closed form estimator which uses fractional moments rx   is proposed. 

According to the deduction, the estimation expression that has only a unique solution is proved. The 

estimator can estimate the shape parameter which values in ( , )j s  . It is tested by MATLAB to 

compare performance of different estimators. The results of simulation experiment show that the 

performance of proposed estimator is better than other estimators, especially in the range of shape 

parameter which values in ( ,1)j s , such as MoM and x log x-based estimators. 

2. Problem Description 

the probability density function (pdf) of a Pareto distributed random variable X, is given by [11]  
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Where a  is the shape parameter and b  is the scale parameter. 

The estimator of MoM is given by [11] 
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The x log x-based estimator is given by [4] 
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Note that both of MoM and x log x-based estimators only work well for 1a   [4,11]. Therefore, if 

both of the previous estimators continue estimating the true value of shape parameter a  which values 

in (0,1) , estimation value is incorrect and meaningless. 

Proposed estimator: the assemble average rx   is given by [12] 
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We define the following statistics 
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Calculating (5) and we obtain  
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(6) can be written as quadratic equation 
2
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Now, the question is whether there was a solution. If it exists, we can obtain 
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Solving (8), we obtain 
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Discussing both of the assumptions. If , 1j sV  is tenable, we can obtain  
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Solving (10), we obtain 
0  a or a j s                                                        (11) 

0a   has not any practical significance because a  must be in the range (0, )  by the definition of 

shape parameter. We can eliminate it. 

If 
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 is tenable, we obtain by the same method 

0 a j s                                                             (12) 

It also hasn’t any practical significance and should be eliminated.  

By both of the assumptions, it proves existence and uniqueness of estimation value for a  when 
a j s  . Then, the solution for a  is given from (7) in a closed form when a j s   as follow 
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As can be seen from (13), the expression is closed and can be used to estimate shape parameter a  

effectively which values in ( ,1)j s  when j s  is much less than 1. 

3. Simulation Results 

In the following part, we use MATLAB to assess the performances of the proposed estimator and 

compare it with different estimators. The MATLAB routines that simulate samples of random 
variable for Pareto distribution is as follow 

 
1

exprnd
gamrnd ,1 ,1,a b R

 
   

 
x                                            (14) 

In this routine, R  is the quantity of samples. The simulation range of a  is from 0.01 to 3 with step 

0.01. The experiments of every shape parameter value are repeated one thousand times. The relative 

bias  ˆ /a a a  is used to evaluate their estimation performances. Furthermore, it can also be 

evaluated by standard deviation of a . 

As can be seen from Fig. 1, the relative bias values of two previous estimators increase faster and 
faster as a  declines, while the relative bias values of the proposed estimator is close to zero all the 

time in ( , )j s  . As can be seen from Fig. 2, when a  values in ( ,1)j s , the standard deviation 

of two previous estimators is much bigger and bigger than that of the proposed estimator as a  

declines. The simulation results show that the proposed estimator has better performance than other 

estimators especially when a  values in ( ,1)j s . 

 
Fig. 1 relative bias values of four estimators 

 
Fig. 2 standard deviation of four estimators 
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4. Conclusion 

In order to get the closed-form expression and solve the problem that can’t estimate the true value of 
a  which values in ( ,1)j s for the Pareto distribution, one improved estimator is proposed. The 

proposed estimator can estimate the valid value of a  in ( , )j s   and has better estimation 

performance than three previous estimators especially when a  values in ( ,1)j s . The results are 

tested and verified with experiments. 
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